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SPECTROSCOPIC FIELD-LIGHT 
By F. E. FOWLE: 


The intensity of energy observed in any part of a spectrum is 
due to the true intensity proper to the corresponding wave-length, 
plus that due to the always present energy from other sources in the 
never dark field, plus that scattered in from other regions of the 
spectrum. This intruding energy is generally known as field-light, 
or more properly field-energy. Naturally a portion of energy 
proper to the observed wave-length is lost by scattering into other 
regions of the spectrum. 

The first part of the field-light, due to extraneous sources and 
present even with closed slit, is effective both when the intensity 
in the spectrum of the source of energy is measured and when 
the zero of energy with the slit closed is taken. Measuring the 
intensity as the difference between the corresponding intensities 
eliminates the effect of this disturbance. 

The second and more troublesome portion is due to the energy 
scattered from other parts of the spectrum into that part under 
observation. It is probably due mostly to light scattered by the 
image-forming mirror. That some must be scattered is evident; 
for, on the best silvered mirror, the outline of the incident beam may 


* Published with the permission of the Secretary of the Smithsonian Institution. 
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be noted when one is looking at the mirror even at a considerable 
angle away from that in which the light is almost wholly reflected. 

In a well-designed spectroscope of moderate dispersion, pro- 
ducing a spectrum in which the intensity ranges a hundred fold or 
even a thousand fold, this scattered light may have little evil 
influence. In the research at present pursued by the writer on 
long-wave radiation, where the whole spectrum from the violet to 
20 uw comprises a dispersion of only about 1°5 and the intensities 
range ten thousand fold, this source of disturbance becomes 
exceedingly troublesome in the fainter part of the spectrum. The 
most intense region lies at wave-lengths less than 4 uw, and from 
this part, which is transmissible by quartz, most of the scattered 
light comes. Special interest is centered in the wave-lengths longer 
than 4 w and not transmissible by quartz. It has been customary 
under such circumstances, in the long-wave portion, to distinguish 
between the true energy and that scattered into the region by 
observing the intensity both without and with a plate of quartz 
placed between the source of energy and the slit of the spectroscope. 
With the quartz in place, the energy producing the deflections 
at wave-lengths greater than 4 uw, to which quartz is opaque, must 
be all false and due to wave-lengths less than 44. Without the 
quartz, the deflection must be due to this false energy, plus the 
true long-wave radiation, plus certain other corrections presently 
to be considered. 

Turning now to Fig. 1, there will be seen a reproduction of a 
record of the deflections of a galvanometer needle which measures 
the amount of energy absorbed by a bolometer as there passes over 
it, under varied circumstances, the 15° prismatic rock-salt spectrum 
of a lamp of 88 Nernst filaments. The record consists of three sets 
of curves: first, a lower, dotted, single-branched record indicating 
the zero of the galvanometer needle when a shutter at about 
300° K. was inserted between the lamp and the slit; second, an 
upper, five-branched, dotted curve; a, b, c, d, e, the observed 
energy-spectrum of the lamp. ‘The branch a shows the rapid rise 
of energy to a maximum at about 1.8 uw and was made with a slit 
©.67 mm wide, the inflowing energy being farther reduced by a 
rotating sector. There is as rapid a fall of energy on the right- 
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hand side of long wave-lengths, and the sector was removed to 
allow sufficient energy to flow through the slit to produce the 
branch 8; then for the branch c the slit was increased to 2.36 mm, 
and for the branch d to 5.82 mm, and finally for the branch e to 
10.69 mm." 

For the present, however, the central curve a’b’c’d’e’ will be 
considered. This.connects a series of points taken with the same 
conditions of slit as for the upper curve, but in front of the slit a 
quartz plate one-half a centimeter thick was inserted. This curve 














Fic. 1 


consists of two parts of different significance, namely, region a’ 
and region b’c’d’e’. 

Region a’.—Curve a’ belongs to energy of wave-lengths between 
0.6 and 4.04 to which quartz is nearly transparent. The differ- 
ence in areas a and a’ (with certain allowances for the absorption of 
the longer of these waves between 3 and 4 u) measures the amount 
of energy of this region reflected from the quartz surfaces. This 
quantity can also be computed by Fresnel’s and by Bouguer’s 

* These slit-widths were obtained either by the use of brass slits of fixed widths 


inserted in front of the regular spectroscope slit, or by closing the latter until its jaws 
just touched a measured cylindrical template. 
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formulae for reflection and absorption, respectively, from the known 
coefficients of refraction (Rubens) and transmission (Merritt). 
From several computations made before the idea of inserting the 
quartz in this branch had occurred, this loss was computed to be 
about 19 per cent. Considering the great impurity of the spectrum 
used for computing this loss, this is in sufficient agreement with the 
mean value of 15 per cent found from subsequent curves like a and a’. 

Region b'c'd’e’.—These curves belong to the region for which 
quartz is opaque, and the energy recorded must come from the 
region for which the quartz is transparent, that is, region a’. Since 
there is some energy, to which quartz is transparent, reflected from 
the quartz when inserted here (namely, an amount corresponding 
to the difference between a and a’), the deflections in this region of 
long wave-lengths do not measure directly all the energy scattered 
from the region a, but they must be increased in the ratio a/a’ or 
1.18. 

These two regions a’ and b’c’d’e’, corrected as just described, 
are reproduced in Fig. 2 as a’ and b’c’, the latter magnified a 
thousand fold and three thousand fold relative to the first. The 
first curve may be considered as the energy-curve of the region 
producing the scattering shown in the second. The energy-curve 
of the first region a’, from which the energy is scattered, appears 
so symmetrical that it seems probable that the distribution of the 
scattered energy from it, b’c’, would not be materially altered 
(and the following computations will show that it practically 
is not) if all its energy were concentrated in a central strip 
of spectrum 4’ wide (1 cm of plate), as indicated by the dotted lines 
in Fig. 2. Let this central strip be joined to the curve b’c’ by what 
seems a plausible interpolation. This central strip, with its winglike 
appendage b’c’, represents the energy-curve of an approximately 
monochromatic line with the radiation scattered to its side of long 
wave-lengths. A symmetrical wing should stretch to its left to 
indicate the energy scattered to the side of short wave-length. 
It is proposed to use this latter curve to obtain the scattering 
taking place at each point in the spectrum from wave-lengths 
greater than 4 uw and not directly obtained by the insertion of the 
quartz plate. 
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This, involves the assumption that the shape of this curve 
representing the scattering is the same for all wave-lengths coming 
into consideration. Gorton’ has published some curves which 
show, for great angles of incidence and unpolished, comparatively 
rough surfaces, the variation of the scattering with the wave-lengths. 
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Fic. 2.—Abscissae are differences of deviation, zero at 1.8 m. 

Ordinates are energy of Nernst lamps (2200° K.) transmitted by quartz plate, 
corrected for reflections from its surfaces. 

Plot may be considered as nearly equivalent to the energy-curve of an approxi- 
mately monochromatic line shown by the dotted lines with the energy b’c’ scattered 
to the side of longer wave-length. 

b’c” is the total field-light in the spectrum of the Nernst lamps computed by the 
process described in the text. 


These indicate, as would be expected, less scattering for the longer 
wave-lengths. His smallest angle of incidence was 54°. His 
observations indicate, as the angle of incidence decreases, a much 
more uniform power of reflection for the different wave-lengths 
even with his rough surfaces, so that the assumption of a com- 
paratively uniform scattering power at nearly perpendicular 


* Physical Review, 7, 74, 1916. 
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incidence (about 3° in the present case) on polished surfaces may 
not be unreasonable. . 

Now to represent analytically the observed spectrum, there 
should be built up an expression the first term of which repre- 
sents, for any deviation, the energy due to the ordinary disper- 
sion of the prism, minus a term representing the amount of 
energy lost from this region by scattering, plus a third term 
representing the energy scattered into this deviation from other 
deviations. 

Let @ be the deviation taken as zero at 1.8. Let S(@) repre- 
sent the function which is the analytical expression of the complete, 
symmetrical curve of scattering of the approximately mono- 
chromatic line, the central and right-hand portion of which curve 
is shown in Fig. 2. Let the true energy-curve of the lamp be E(@) 
and the observed curve E,(@). 

The first term of the desired expression, the energy proper 
to the deviation @, is evidently E(@). 

The second term, which represents the energy properly belonging 
to this deviation, but scattered elsewhere, may be obtained to a 
close approximation by taking the area of the curve of scattering, 


Lk. (x)dx, and multiplying it by the ratio of the ordinate of the true 


energy-curve, E(@), at this deviation to that at 1.8 uw, E(6,), where 
6, is used to signify 6=zero. 

The third term, which represents energy belonging to other 

deviations, but scattered to this, is obtained to a close approxima- 
tion by taking the amount of scattering, S(x)dx, given by the 
scattering curve for the deviation x, and multiplying it by the ratio 
of the energy ordinate in the true spectrum at that place, E(6+-x) 
to E(@,), and integrating over the whole spectrum. 
E(@) 
E(6.) 
desired, but fortunately occurs in the two integrals with opposite 
signs. In other words, the function used for the scattered energy 
includes the energy which should be observed at @=zero and which 
is not to be considered as scattered energy. This energy is allowed 
for in E(@). 


Both integrals contain the term S(x) dx, which is not 





SPECTROSCOPIC FIELD-LIGHT 219 


Accordingly the following expression is obtained: 


E,(6) = E(6)— ae S(e art EH mE EO-+x)S(x)de, 
or, transposing, 
E(0) = E9(0)-+ aa S(e)de— 5 | E(0+2)S(x)ae. 


All the functions on the right-hand side of the second equations 
are known except E(@). But for this may be substituted the 
value obtained by subtracting 1.8 times the observed field-light, 
S(0), from the observed full deflection of the lamp. The resulting 
values, which we call £,(@), will be found to differ at the greatest by 
only about 1 per cent from E(@), and hence is sufficiently close an 
approximation to use in connection with the second and third terms. 

Table I shows the process used to evaluate the terms of this 
expression. The numbers in the first column and first line indicate 
the deviations (6) measured in centimeters on the plate (1 cm=4’ 
of deviation in the spectrum). Each other number is a measure 
of the energy under one of the curves just defined summed for a 
difference of deviation extending from —o.5 to +o0.5 cm fram 


the deviation 6. 
E,(6). 


Consider first the numbers surrounded by the rectangles and 
looking like a flight of steps in the table. These represent E,(6), the 
first approximation to the amount of energy in the spectrum of the 
lamp for the corresponding deviations indicated in the first line or 
column. They represent also the terms common to both integrals. 


aCe xf 5 5(x)de. 

Consider next the numbers in the other vertical columns. These 
give the amounts of energy scattered from the “step’’ values into 
the deviations indicated in the first column and are determined by 
the function S. The maximum in each case falls at the deviation 
corresponding to the “‘step” value, the other values falling off 
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similarly above and below. These values plotted with the devia- 
tions of the first column would make a curve similar to S(@) but 
with the maximum ordinate equal to E,(@). These values, added 
together from the top to the bottom of the columns and including 
the “step” value, would give the value of the term containing the 
first integral or the amount of energy at and scattered away from 
the deviation indicated by the ‘‘step” value.t This sum, excluding 
the ‘‘step”’ value, and therefore equal to the amount lost from this 
“‘step”’ value by scattering, is expressed at the foot of the column 
of zero deviation and will be seen to amount to about 3 per cent of 
the intensity observed at the deviation to which the energy belongs. 
This correction of 3 per cent, in accordance with one of the assump- 
tions, is independent of the wave-length and therefore does not 
alter the shape of the energy-curve. 
EG) _E6+2)S(x)dx. 

Consider now the horizontal lines. The numbers added in this 
direction, including the “‘step”’ value, give the values of the term 
containing the second integral. When added excluding the “step” 
number, they give the amount of light scattered into the spec- 
trum at each region indicated by the “step” value from the 
regions whose proper deviations are indicated at the tops of the 
columns of the individual terms of the sum. Remembering that 
the first integral term does not affect the shape of the desired 
energy-curve, the values connected with the second integral are 
those in which interest will at present center. 

In the fifth from the last column will be found the sums taken 
horizontally from the second to the eighth columns inclusive, 
These values give the energy scattered from the wave-lengths 
between the deviations —4 and +2 cm (i.e., wave-lengths trans- 
missible by quartz) into the corresponding deviations of the 
horizontal lines. These values are proportional to the field-energy 
obtained by the use of the quartz plate. The next column gives 
the sums of the numbers of the horizontal lines taken completely 
across, but omitting the “‘step’’ values. They represent the total 


* The columns to the left are not carried upward to their full extent. 
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field-light due to scattering from all wave-lengths. The third from 
the last column gives the division of the second of these sums by 
the first, or is the ratio by which the total field-light exceeds that 
contributed from the region for which quartz is transparent. The 
next column represents the same factor except as determined by 
using the actually observed field-light in place of the first of these 
sums. The last two described columns are practically identical, 
indicating at least for the observed field-light that the assumed 
distribution, S (6), produces practically the same result as the real 
distribution. The last column includes also the factor 1.18 to 
allow for the reflection from the quartz surfaces. 


SUMMARY 


When a spectrum is formed, the energy observed at any wave- 
length is not simply what is proper to that wave-length, but it is 
diminished by a portion scattered into other parts of the spectrum 
and increased by a portion scattered in from other regions. Energy- 
curves for a rock-salt prism have been made of the radiation from a 
Nernst lamp with a quartz plate o.5 cm thick inserted between 
the source of energy and the slit of the spectroscope. The quartz 
plate is nearly transparent to a wave-length of 4 and opaque 
beyond. The resulting energy-curve therefore consists of two 
parts of quite different significance: first, a nearly symmetrical, 
sharp maximum, the energy-curve of the source to the wave-length 


4m; second, at longer wave-lengths, the energy-curve of the 


scattered light from this region into that for which quartz is opaque. 
The central maximum with the winglike appendage toward the 
long wave-lengths and a similar one drawn toward the short wave- 
lengths has been assumed to represent closely the energy-curve of a 
monochromatic line with the radiation scattered to either side in the 
spectrum. This curve was used to compute the energy scattered 
into and away from each region of the spectrum of the Nernst lamp. 
Table II gives a summary of the results. 

The intensity of the light scattered from any region has been 
shown to amount to about 3 per cent of the true intensity of that 
region. At an angle 10’ from the direction in which the beam is 
regularly reflected the intensity of the scattered energy is only 
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about two-tenths of 1 per cent of that of the main image, and at an 
angle of 100’ it is one one-hundredth of 1 per cent. In a 15° 
prismatic rock-salt spectrum of a body 2200° K. for these two 
deviations this field-light amounts to 5 and 500 per cent respectively 
of the true radiation. 




















TABLE II 
Moan’ ‘ | ; | 
Wave-length in (#)..... 1.8 $.7 7.0] 8.0 10.0 | 12.0 | 14.0 | 17.5 
Deviation in (’)........ o} 10 15 20| 30 45 60 | 100 
Quartz transmits.......| 85,000] 206 117 85 | 50 27 17 8 
Ditto corrected......... 100,000] 242 141 100 | 59 30 20 10 
Total Reka. a... .. chs se sicen 244 146 | 107 66 33 22 II 
Black-body radiation. . .| 100,000} 5000 | 1800 | 1000 | 400] 140 65 20 
Nernst-lamp radiation. ..| 100,000} 5000 | 1800 | 1000 | 400 140 50 2 








Line 1: Wave-lengths in millionths of a meter («). 

Line 2: Differences of deviation in minutes of arc (’), 15° prismatic rock-salt spectrum, zero deviation 
atr.84m, 

Line 3: Nernst-lamp spectrum observed through quartz plate $ cm thick. 

Line 4: The same corrected for the reflections from the surfaces of the quartz plate; nearly equivalent 
to points on the energy-curve of a monochromatic line with the scattered energy to the side of long wave- 
lengths. 

Line 5: Total field-light which would be expected in the spectrum of a Nernst lamp when the intensity 
of the latter is 100,000 at 1.8; see line 7. 

Line 6: Computed relative intensities in black-body spectrum of a body at 2200° K. radiating to a 
similar one at 300° K. 

Line 7: Corrected observed intensities of Nernst lamp approximating the conditions of line 6, but 
differing for wave-lengths longer than 12 « because of the increasing absorption of energy in the rock-salt 
plate closing the vacuum bolometer case and the prism, and the decreasing absorption of energy by the 
lamp-blacked surface of the bolometer strip. 


The foregoing data were obtained with silver-on-glass mirrors 
the surfaces of which were in excellent condition, freshly silvered, 
and polished to hard, compact surfaces. Table III shows a com- 


TABLE III 


INCREASE OF SCATTERING WITH TARNISHING 





Deviation in (’).. | 16 20 24 32 40 | 48 60 80 100 
Wave-length in (#)} 4.0] 8.2] 8.9] 10.3 | 11.4 12.5 | 13.8 | 15.8 | 17.5 
errr 1.22] 1.26] 1.27) 1.34 1.42) 1.40] 1.47) 1.66) 1.70 





parison with results obtained several months later after the mirrors 
were so badly tarnished as to be unfit for work in the visible 
spectrum. It will be noted that the scattering has increased rela- 
tively more for the greater deviations from the central image. 
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It would be of interest to know whether the curves of distribution 
of the scattered energy were always of the same contour. The fore- 
going results were a by-product of a more extensive investigation to 
which this point was not pertinent and so was not investigated. 
However, part of the research involved the use of a different spectro- 
scope with a rock-salt prism of 60°. In this spectroscope at 10 pu 
with a deviation of 150’, instead of the 30’ with the 15° prism, 
practically no field-light was observed upon the insertion of the 
quartz plate one-half a centimeter thick. Now Table II shows that 
at 10 w the deflection which, with a rock-salt prism in both cases, 
should be dependent only on the wave-length, would be 400/ 100,000, 
whereas the field-light if dependent only on the deviation would 
perhaps be 4/100,000, or only 1 per cent of the true energy at that 
place. The deflection in the spectrum was so small at this wave- 
length that a deflection of 1 per cent of it would escape notice. 

Before closing I wish to acknowledge my indebtedness to 
Dr. Abbot for his suggestions and criticisms at every step of the 
research of which the results just given are a part. 

ASTROPHYSICAL OBSERVATORY 


SMITHSONIAN INsTITUTION, WASHINGTON, D.C. 
February 1917 




















ON THE DISTRIBUTION OF STARS IN TWELVE 
GLOBULAR CLUSTERS 


By FRANCIS G. PEASE anp HARLOW SHAPLEY 


All quantitative studies of the distribution in clusters have been 
concerned with the relation of the number of stars to distance 
from the center, and, with the exception of some results for the 
brighter stars recently published by Bailey,’ no special attention 
has been paid to direction from center. It has been remarked in 
earlier papers that the conclusions relative to cluster structure, 
which are based on observations of star-density as a function solely 
of apparent distance, are of limited meaning and application. The 
brightest stars of each cluster, which are those mainly involved in 
previous investigations, are not typical in color or luminosity; and, 
in addition, the possibility of serious systematic error in photograph- 
ing the highly concentrated interior is so great that little confidence 
can be placed upon observed distribution laws, except when they 
are derived from and are supposed to interpret only the outer part 
of the cluster. The difficulties inherent in stellar concentration are 
of much less importance, however, when the relative distribution is 
analyzed on the basis of direction from the center; and this method 
of study, moreover, is capable of bringing to light a property of 
clusters that the usual method has failed to reveal. 

In the following pages are given the results of star-counts on a 
series of cluster photographs made with the 60-inch reflector at 
Mount Wilson. Later, with the accumulation of data bearing on 
the Eberhard effect and on the various relations of magnitudes and 
colors, it may be feasible to inquire more closely into the star-density 
with respect to distance from the center; but for the present it is 
practicable to discuss the results only as far as they are related to 
sphericity of cluster-form. 


* Contributions from the Mount Wilson Solar Observatory, No. 129. 
* Harvard Annals, 76, No. 4, 1915. 
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The stars were originally counted for a rectangular system of 
co-ordinates,’ a reseau on glass being superposed directly upon the 
original negative and the number of stars being tabulated for each 
small square, which is 3174 onaside. The total area counted on each 
plate is 675 square minutes of arc, comprising 2464 small squares. 
In all cases a second count was made with the plate reversed, and 
frequently several counts were made, particularly at the beginning 
of the work and for those plates which appeared to give discordant 
results. Each count was recorded on cross-section paper, and 

over these records was 

° 15° N drawn a system of rings 
y and 30° sectors, as illus- 
trated for one quadrant in 

Iv Fig.1. The width of each 
annular region is four of 

III the small divisions, that is, 
approximately two minutes 

II of arc; the radius of the 
central area varies from 
two to six divisions, 
depending on the conden- 
sation of stars toward the 


- nit ae a center. Miss Van Deusen 
a3. Io eme of rectangular and polar . ° 

divisions (for the first quadrant) used in count- and Miss Richmond, of 
ing stars in globular clusters. the Computing Division, 


have made the counts for 
the rectangular and polar systems, respectively, and have given 
much service in the statistical discussion of the results. 

The photographs for which the counts have been completed are 
described in Table I. Nos. 64, 65, and 2456P are Seed 27 plates; 
all others are Seed 23. The total number of stars on each plate, 
seventh column, includes the count (or, when burned out, the 
estimate) of stars in the center, and also of those farther from the 
center than the limiting distance used in Tables II and III. This 
total number attempts to include all stars on each plate within | 


45 


75 





F 


t “ Annual Report of the Director of the Mount Wilson Solar Observatory,”’ Year- 
book of the Carnegie Institution of Washington, 13, 258, 1914. 
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TABLE I 
DESCRIPTION OF PLATES 
l 
CLUSTER » E - r - 
a No. Date Trwe | Counts | or Stans | REMARKS 
N.G.C. | Messier 
5024...-1 53 102 1912 May 13 | 180™ 2 10,100 | Sky thick 
e8...55  § 64 Mar. 17 s.4 2 2,970 
65 Mar. 17 s 4 2 6,440 
89 May I! 20 2 5,230 
24560P | 1915 June 7 60 2 8,o00f 
6093....| 80 | 206 | 1913 July 2 64 2 4,050 | Mirror not 
uniform 
Gee...) Oe | oe Sept. 1 I 2 820 
| 220 - Ce ae - I 2 1,090 
| 212 Sept. 1 3 2 1,700 
13° | 1911 July 24 6 2 5,810 | High wind 
18* July 25 6 2 7,870 .| Troubled by 
clouds 
211* | 1913 Sept. 1 6 2 2,160 
218* | Oct. 27 6 2 3,140 
| 14 | 1911 July 24 15 4 7,780 
134* | 1912 June 15 15 3 3,830 | Verybadseeing 
19 | 1911 July 25 22 4 14,700 
| a July 24 37-5 4 18,000 | Sky white 
16 July 24 04 «| 2 25,500 | Sky white 
133 | 1912 June 15 |300 | 2 35,000 | Strong wind; 
| mirror edge 
| distorted 
6238....| 12 | 160 May 12 rere) 2 6,060 | Windy 
AY EAS 8 1o1r July 23 69 | 2 1,540 | Windy 
6254....| 10 124 | 1912 June 12 . 4 2 1,270 
123 June 12 20 | 2 3,260 
117 June 11 60 | 3 5,860 | High wind 
114 June 10 | 180 | 3 12,200 
a ae 2 5 1911 July 2 | 100 2 6,800 | Seeing poor 
6402....| 14 103 1912 May 13 | 120 2 4,920 
790...-| 56 3 1911 July 2 60 2 6,600 | High wind 
Re Ee 2 July 1 |105 | 2 3,370 
707 15 224* | 1913 Oct. 27 I 2 1,100 
223 Oct. 27 2 2 1,460 
222 Oct. 27 6 | 2 2,340 
21 1911 Aug. 22 6 2 2,030 | Good seeing 
22* Aug. 22 os. 2 3,790 
26 Aug. 25 15 2 3,320 
225* | 1913 Oct. 27 15 2 3,520 
23 1g1t Aug. 22 37-5 | 2 9,000 
24 Aug. 22 04:«CO| 2 21,000 
25 Aug. 22 | 312 2 29,000 | Plate com- 
pleted on 
| August 25, 
IgII 























* Detailed counts are not given in Tables II or III. 


t The area counted on plate 2456P is only 121 square minutes of arc. 
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the limits of the reseau, and it shows that conspicuously different 
totals for a ‘cluster may be obtained from exposures of the same 
length. Apparently the seeing, transparency, quality of plate, 
development, and other factors may so influence the outcome that 
only for the mean of many plates can definite extensions of the 
magnitude-interval be assumed to result from corresponding in- 
creases in the exposure time. 

Table II contains the star-counts for the eight clusters for 
which fairly definite results have been obtained. The clusters are 
in order of right ascension; the plates for each cluster are in order 
of increasing exposure time; the rings for each plate are in order of 
increasing distance from the center, and the sectors are indicated by 
the position-angle of the line that bisects them." Unless there is a 
footnote to the contrary, the radius of the central area and the 
width of the rings are each four divisions (2'09). The tabulated 
quantities are mean numbers for two counts. With the aid of plots 
of the sums of the horizontal and vertical columns in the original 
rectangular system, independent determinations of the position of 
the cluster’s center were made for each count on every plate, thus 
giving an origin for the ring and sector system. That the adopted 
mean center for any cluster may vary slightly from plate to plate 
should be remembered in discussing the distribution for a given 
magnitude interval on the basis of differences. For this purpose, 
however, the combination of results for opposite sectors should 
largely eliminate the error of centering. 

The count of stars in the central region for all but the shortest 
exposures is uncertain, if not completely impossible. Hence, these 
results are tabulated for quadrants only, and in general are omitted 
from the discussion. When the count is incomplete for any sector 
of the outermost ring, no number is given in the table, and the 
mean value in the last column refers only to the sectors for which 
counts are tabulated. 

As it will be some years before a systematic continuation of this 
work can be undertaken, preliminary results are now given in 


tIn a communication to the Proceedings of the National Academy of Sciences, 3, 
96, 1917, the angles of direction are counted in the opposite sense and from another 


origin. 






































PLATE IV 
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Four SuccESSIVE EXPOSURES ON MESSIER 13 
The position-angle of the major axis is 120°. The photographs reproduced are 


Nos. 13, 14, 15, and 16, described in Table I. 
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Table III for four clusters that later may be studied definitively. 
The future work will also include a further investigation of some of 
the clusters in Table IT, in particular Messier 3 and Messier 56. 

The foregoing tabular material can be discussed to advantage 
with the aid of diagrams. The data for Messier 13 are particularly 
complete and may be closely examined, leaving the results on other 
clusters for a briefer statement. Fig. 2 shows for several plates of 
Messier 13 the plot of the number of stars in successive sectors. 
That the cluster is symmetrically elongated is at once evident. 
The number of stars in two directions at right angles to each other 
differs by about 25 per cent. The plates of less than four minutes’ 
exposure, however, dealing as they do with only one or two thousand 
stars which are peculiar in color and luminosity, do not show 
definitely this elliptical form. Among these brighter stars the 
axis of symmetry is not revealed until the distribution is studied on 
the basis of color-index or variable stars.’ 

At first thought it may be surprising that in a much-studied 
cluster such a pronounced elliptical distribution could exist and 
escape earlier detection. The reason must be that to the casual 
observer the brightest stars are conspicuous to the point of 
causing prejudice in the estimation of numbers, whereas, to one 
who actually counts the stars, the eighteenth-magnitude objects are 
the equal of those five hundred times more luminous. The irregular 
or sensibly spherical distribution of the giants hides the underlying 
ellipticity. In spite of the preponderance of the large images, how- 
ever, the elongation of Messier 13 can be seen on some of the longer 
exposures, and, to a lesser extent, in the reproductions of the photo- 
graphs in the accompanying plate. 

That the elliptical form of Messier 13 is more or less indepen- 
dent of distance from the center is illustrated in Fig. 3, where, for 
plate 16, the data appear separately for successive regions, the 
ordinates, for the sake of intercomparison, being percentage devia- 
tions for the mean for each ring. Since in Fig. 1 little asymmetry 
is apparent that cannot be attributed to accidental groupings and 
errors of centering, the plots in Fig. 3 and in the following analogous 
diagrams represent the means for opposite sectors. The relation 

* Proceedings of the National Academy of Sciences, 3, 276, 1917. 
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of ellipticity to magnitude-interval is shown by Fig. 4. The 
diagram at the top is based on plate 13, the bottom one on plate 16; 
the values for the second from the top are differences between 
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Fic. 2.—The axis of symmetry in Messier 13. Ordinates are numbers of stars. 
Abscissae are position-angles. 


| 
plates 15 and 13, and the remaining curve represents plate 16 minus | 
plate 15. These curves agree in showing ellipticity with approxi- 
mately the same major axis for all intervals of magnitude; but their 
differences and irregularities should not be considered too seriously. 
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Reverting to the data in Table II, attention should be called to 
a few points concerning the other clusters. 

The tabulated counts show distinctly for Messier 53 two maxima 
about 180° apart. At position-angle 165°, however, at what should 
be the highest point of one maximum, the numbers are peculiarly 
low in Rings I and IT, and the resulting depression in the curve per- 


sists even when opposite 90° 60° 30° O° ISO’ 120° 90° 60° 
sectors are combined, +\0 ; 


as in Fig. 5. If, as ~a DIST 2 4 a ss. 
suggested in earlier com- 
munications, the axes 
of symmetry in these 


clusters are projections Pie 
of galactic planes, this *!0 


“A,8 “ 
phenomenon, which can \ oe if ‘% 
hardly be attributed to -I0 N 
accidental irregularity, 
would have a close 
analogue in the great +10 -— 
cleft extending south DIST 6 0 8 J Ke 
from Cygnus in our ag | LS 
Milky Way. Pe AE ts. 

The counts of a 
Messier 3 are not very 
















































































satisfactory, and data 4i9 . - ——s 
from more plates must DIST 810 |/ \ 
be studied. As the ~ \ 
results now stand, this ~!0 


Fic. 3.—Ellipticity of Messier 13 for different 
distances from the center. Ordinates are percent- 
age derivations. Abscissae are position-angles. 


cluster is the only one 
for which the departure 
from apparent sphe- 
ricity appears to be non-symmetrical. A pronounced one-sidedness 
is shown by the results for plate 65; but plate 89, with almost the 
same number of stars, fails to verify the asymmetry, and the longer 
exposure, plate 2456P, is not decisive. 

Messier 12, Messier 10, and Messier 56 are three clusters for 
which little or no deviation from apparent sphericity is shown by 








240 FRANCIS G. PEASE AND HARLOW SHAPLEY 


the counts in Table II, although the exposures for each have been 
long enough to include many faint stars. This does not mean 
necessarily that these systems are not flattened. It may indicate 
that their equatorial planes are inclined at a high angle to the line 
of sight. A random distribution of galactic planes should make at 

least one-third of them 


° ° °o ° | e ” , d . e . 
go. 60 30) 0 680 620 «690 ~=2—60 impossible of direct 
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oa detection with our 
MAG 13 10 173 i“ ai " present methods; but, 
we fs as an indirect test, 
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bi 4 ~e show a greater average 
\ MAG 173 10 I9 "f condensation toward 

\ | / the center than those 

620 me / with high inclinations. 


This is exactly what 


580 MAGI w 20 7 ~~ we find in the case of 
x each of the three clus- 


530 ters mentioned above, 


1550 ste as may be seen from 
MAG I3 10 20 / 7 the numbers in Table 


yy II, most conspicuously 




















for Messier 56. 
To illustrate these 
points further, the 
1350 WA small, probably acci- 


Fic. 4.—Ellipticity of Messier 13 for different dental, deviation from 
intervals of magnitude. Ordinates are numbers of p erfectly circular form 
stars. Abscissae are position-angles. : : 

for Messier 12 is 


shown in Table IV, in contrast to the pronounced ellipticity of 
Messier 13; and the curves in Fig. 6 exhibit the relatively smaller 
central concentration of the former. The ordinates in this diagram, 
obtained from the values in the last column of Table II for plates 100 
and 15, are made comparable by dividing the mean number for suc- 
cessive rings by the mean for RingI." It is doubtful, however, if the 





























A small correction is made to allow for two squares in the center of plate 15 
that are burned out. 
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relative concentration can generally be used as an index of inclina- 
tion, for uncertainties due to Eberhard effect, to differences in laws 
of density, and particularly to foreground stars must surely enter to 
some extent. A curve of the distribution for Messier 10 is shown in 


Fig. 5. 
cv Ce Ww cr tf wtf wf wt 


520 
_ 


MESSER 2 Vd 
IY NI 


720 a. WY] N 


N LZ 
NS 
ws MESSIER 56 | 
670/41 | as 
vs 


2900 
va 
on Goo 





























420 
























































2700 
a 
te MESSER 10 i - — " 
1080 ee te 























Fic. 5.—Axes of symmetry in globular clusters. Ordinates are numbers of 
stars. Abscissae are position-angles. 


Curves are also given in Fig. 5 for Messier 2 and Messier 15. 
Both show the elongated distribution conspicuously, but for the 
latter the maxima in the unreflected distribution-curve are not 
exactly opposite and are of unequal-height. This lack of symmetry 
tends to disappear with increasing exposure and may be only super- 
ficial, though the possibility must not be overlooked that the sup- 
posed galaxy in this system may be along a small circle of low 
latitude. 

In order to bring together all the available evidence bearing 
on the forms of globular clusters, Fig. 7 is reproduced here from a 
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communication to the Proceedings of the National Academy of 
Sciences." The concentration of certain types of variables toward 
the Milky Way is a recognized phenomenon of our galactic system. 
The diagram shows that in w Centauri also the ellipticity is much 
greater for the variables than for the stars in general. This inter- 
esting analogy further supports the hypothesis that the globular 
clusters are flattened systems of stars. 
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Fic. 6.—Comparison of the central concentration for Messier 12 (full line) and 
Messier 13, illustrating (with Table IV) the probably great difference in the inclina- 
tions of their galactic planes. Ordinates are relative numbers of stars. Abscissae 
are distances from the center. 


SUMMARY 


1. The present study of the distribution of stars in globular 
clusters is based upon counts of more than half a million star images 
on a series of plates made at the principal focus of the 60-inch reflec- 
tor at Mount Wilson. 

2. The material is used mainly as a test for the presence in these 
stellar systems of galactic planes, which should reveal themselves 
through an elliptical distribution of the stars. 

3. Of the nine clusters for which fairly definite counts are 
available, five show elliptical form, three appear sensibly circular, 
and one may be peculiar. The three clusters with similar density 


* Vol. 3, 276, 1917. 
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in all directions from the center are noticeably less condensed, a 
condition that follows naturally if the poles of their galactic planes 
are assumed to be approximately in the line of sight. 

4. The proportion of clusters with measurable elongation here 
found is about what should be expected on the galactic hypothesis 
if the inclinations are distributed at random. 
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Fic. 7.—Galactic plane in w Centauri; full line, all stars; dotted line, variables. 
Ordinates are deviations from mean. Abscissae are position-angles. 


5. Axes of symmetry in these clusters do not appear until the 
arrangement of several thousand stars is analyzed. The failure 
previously to detect the ellipticity, which in some cases amounts to 
nearly 30 per cent, must be attributed to an influence of the brighter 
stars, which, in general, do not show elliptical distribution. The 
ellipticity appears at all distances from the center, and also for all 
magnitudes, after the giant red stars have been excluded. 


Mount WILtson SOLAR OBSERVATORY 
March 1917 








GENERALIZED CO-ORDINATES, RELATIVITY, AND 
GRAVITATION 


By EDWIN BIDWELL WILSON 


Beginning some years ago with the suggestive Aequivalenz- 
Hypothese that an observer in an isolated system could not tell 
whether the system were at rest in a gravitational field or under- 
going a uniform acceleration in a space free from such a field, 
Einstein' has by numerous successive steps built up a theory of 
gravitation and of “‘generalized relativity,” as he calls it, in which 
he has recently been joined by Lorentz,’ Hilbert,’ and others. 
The possibly observable consequences of the theory are: 

a) A ray of light from a star in occultation with the sun would 
be bent in by the amount 1775. 

b) The lines in the solar or stellar spectra would be shifted 
toward the red by an amount corresponding to a radial velocity 
of 0.634 km for the sun or 0.634 M'p! for a star of mass M and 
density p relative to the sun.‘ 

c) The perihelion of Mercury would shift by 43” per century 
as observed. 

This last consequence is a striking confirmation and has 
attracted even wider interest in the theory than had previously 
been shown.5 

I have recently given a few lectures on Einstein’s work to the 
Harvard physicists at the invitation of Director Theodore Lyman, 

t Annalen der Physik (4), 35, 898-908, 1911; 38, 355-369, 443-458, 1912; Zeitschrift 
fiir Mathematik und Physik, 62, January 1914 (with M. Grossmann, reprinted as 
Entwurf einer verallgemeinerten Relativitdtstheorie und einer Theorie der Gravitation, 
38 pp., B. G. Teubner); Sitzungsberichte der K. Akad. Berlin, p. 1030, November 
1914; pp. 778, 831, 844, November 1915; Annalen der Physik, 49, 769, 1916 (reprinted 
as Die Grundlagen der allgemeinen Relativitdtstheorie, J. A. Barth); Sitsungsberichte 


der K. Akad. Berlin, p. 688, June 1916. (Some of these references are cited, not from 
the unobtainable originals, but from other citations, and are not verified.) 


2 Proceedings of Amsterdam Academy of Science, February 1916. 
3 Géttinger Nachrichten, p. 395, November 1915. 
4 Monthly Notices, 76, 699-728, 1916; The Observatory, 39, 412-419, 1916. 
5 Nature, 98, 328-330, 1916. 
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of the Jefferson Physical Laboratory, and although all of us in this 
country are in a somewhat precarious situation relative to new 
German scientific investigations, by virtue of the British blockade, 
which prevents our receiving German periodical literature, I venture 
to offer a few comments from my lectures." 

1. Generalized co-ordinates.—The fundamental properties of our 
Euclidean space are expressed in the formula for length of arc: 


ds?=dx*?+dy?+d2". 


It is ordinarily with x, y, z as variables that we express our laws 
of physics. We are, however, at liberty to use any system of 
curvilinear or generalized co-ordinates x,, x., x,, where 


x= 2(X2, La, X3), y = y(%1, X2, X3), 2=2(%1, X2, X3). (1) 
The differential of arc then becomes a quadratic differential form, 
Pm Canary, i, 7=1, 2, 3, 
| bx dx 


76D bx; 5x; 


(2) 
where the summation S extends over x, y, z . 

The expressions for the laws of physics are more complicated 
in the new co-ordinates, but the theory of differential forms pro- 
vides a method of writing the equations. For example, if U be 
the ordinary gravitational potential, we have outside the gravi- 
' tating mass 

#U , #U 
sate be _= 
2 


The expression of Laplace’s equation in general co-ordinates is 


Za vee aise {=o 
i,j 


bx; Xj 
where 
‘i 6 6 Sai 
tl=3[ _— | 


6x; 5x; 


* This note is in fact an amplification of certain parts of my closing lecture. 
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and 
aw=A i;/a, 


A;; being the cofactor of a;; in the determinant 


| Gy G12 13 
a= | 21 Q22 23 
| O31 Q32 33 | 


of the coefficients of the differential form. 
The element of volume is expressed with the aid of the Jacobian 
J of x, y, 2, relative to x,, x2, %; as 


d(x, y, 2) 


- dy oe. Xa, X3,) 


dx, dx, dx;, 


and the value of the determinant a is 


y~__ 9(%, y, 2) _ 
VO Koes, Nay Ky) ; 


If the amount of matter in a volume dV is dM, the density is 


dV _ J dx,dx,dx,; JdV'_ 


a ae ae 
We may then write Poisson’s equation as 
= &U ..0U 
Satis) )- asim Pate F1 -—<—< 
Are ) bx;6x; gr Pie, idles 


if p be the value (’) of the density as measured by the quotient 
dV'/dM. 

Such equations are familiar to physicists in essence, though not 
in notation, from using polar or other systems of co-ordinates— 
albeit physicists are not likely to redefine density as dV’/dM, but 
rather to use the original definition dV/dM and thus to consider 
the density as invariant of the co-ordinate system. The equations 
are perhaps familiar in their general form only to mathematicians 
who have busied themselves with such notations as those of Ricci 
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in his absolute differential calculus,’ or of Maschke in his symbolic 
theory of differential forms. In the dynamics of a particle, simi- 
larly complicated expressions occur? if we desire to use in place of 
x, y, 2 any set of generalized co-ordinates x;, x2, %3. 

I desire particularly to point out the obvious fact that, no 
matter what system of co-ordinates is used, the physical phenomena 
must necessarily remain the same. It would, for instance, be 
impossible to make Mercury’s perihelion advance by using an 
unfamiliar and difficult system of co-ordinates. 

2. Relativity.—The essential fact in the principle of relativity 
—the older familiar relativity—lies in Minkowski’s dictum that 
space and time must henceforth be considered together as forming 
a four-dimensional manifold’ in which the differential of arc is 


ds? = cd? —dx*—dy* —dz2?*. (3) 


This means with respect to generalized co-ordinates that we are 
at liberty to use any transformations, 


H=X (Xr, X2, Xz, X4), Y= (1, Xa, Xs, X), (4) 
Z=2 (1, Ya, Xs, X%), t=t (x1, X2, Xs, X4), 4 
in place of (1), and that the form 
ds* = aj; dx; dx;, fee (5) 
tJ 
a= SOX 
- bx; bx;’ 


where the summation S extends over x, y, z, t, replaces (2). The 
equations in the new co-ordinates remain of a form similar to that 
arising before when only the space variables are changed. And 
just as before, the physical phenomena must be the same in the 
general variables as in the special x, y, z, ¢ of ordinary relativity. 


«G. Ricci, Theoria delle Superficie (Padua, 1898) (lithographed); Math. Ann., 
54, 125-201, 1900 (with T. Levi-Civita). My colleague C. L. E. Moore and I have 
just published an account of Ricci’s method in connection with other investigations 
in Proceedings of the American Academy of Arts and Sciences, 52, 269-368, 1916. 


2 See E. T. Whittaker, Analytical Dynamics (Cambridge, 1904), p. 38. 


3See E. B. Wilson and G. N. Lewis, Proceedings of the American Academy of 
Arts and Sciences, 48, 389-507, 1912. 
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3. Einstein’s theory—Now Einstein proposes to take as funda- 
mental, not the special form (3) or any form (5) into which it may 
be transformed by a change of variables, but a different form, 


d= = gi; dx; dxj, eee ss < oy & (6) 
4,J 


in four variables. The space-time manifold of Minkowski defined 
by (3) is a flat non-Euclidean space of four dimensions; that of 
Einstein defined by (6) must be ‘“‘curved,” owing to the explicit 
assumption that (6) cannot be transformed into (3)—the amount 
of the “‘curvature”’ being, in fact, connected with the density of 
matter (or energy). This sort of suggestion was made by W. K. 
Clifford; but he, of course, did not speak of the four-dimensional 
space-time manifold, but merely of the three-dimensional manifold 
of spatial points. 

Although it is not necessary to regard a curved space as imbed- 
ded in a flat space of higher dimensionality, it is often convenient 
to do so. There is a fundamental theorem which states that any 
differential form in » variables may be written as a sum of squares 
in a certain number m2n of variables. Thus 

> gi; dx; dxj=D+dy?, GPR, « 6 0 gM 

i,j k is «.+:« «9th 
The least number m—un of extra variables necessary for this reso- 
lution is called the class of the given form. It is known that 


mS jn(n+1), m—nS3n(n—1). 


The class of a form in four variables like Einstein’s may therefore 
be either 1, 2, 3, 4, 5, or 6. The class o is excluded, because the 
reduction would then be to ordinary relativity; but what the class 
of Einstein’s form is seems as yet undetermined. Nordstrém has 
proposed a gravitational theory in which the space-time manifold 
is considered as imbedded in a flat space of five dimensions;* this 
would mean that the differential form must be of class 1. 

4. What is relativity ?—If the fundamental equations for the 
ultimate particles of matter in ordinary mechanics be taken in the 


*G. Nordstrém, Physikalische Zeitschrift, 15, 504, 1914; Ofversigt Finska Vet.- 
Soc. Furhand., §7, Nos. 4 and 28, 1914-15. 
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form suggested by Boussinesq and others* who study the formu- 
lation of the foundations of mechanics, we have for each particle 


mio te Yo 3 = Zf (rij) (%i— Xj, ViVi, H— 3), 
J 


rig=[(i—2j +s +i 3iTt, ji. 


These equations are invariant with respect to the following trans- 
formations of x, y, 2, ?: 


x =CuttCnyt+eryz+ul+%Xo, 

y’ = Cat + Car t+Co32+0t +o; 

2’ =Cyt+Cyry+c332-+wl+20, (7) 
t'=t+t,, 


where Xo, Yo, 20, 4, #, 2, w are any constants and where the 9g con- 
stants c;; are such as will determine a rotation of the axes of x, y, 2, 
and hence are expressible in terms of 3 independent parameters. 
These transformations form a group of 10 parameters. For ordi- 
nary mechanics relativity means precisely this: that the equations 
of motion are unchanged by the ” transformations of this group. 
If the equations of motion and of the group were expressed in terms 
of other variables x,, x., x;, /, the equations both of motion and of the 
group of transformations would have a more complicated form— 
and that would be all. 

In examining the equations for electromagnetic phenomena, it 
is found that they are not unchanged by the group of transforma- 
tions (7). They are, however, unchanged by the ”° transforma- 
tions of another group—the so-called Lorentz group—namely, 


x! = Cut + CrVHCi32+Cigk +X, 
y’ = Catt Cay lrstt+Calt yo, 
B =CytH Cy +g + Cyl +20, 
UY Cutt CyytegsttCultt, 


(8) 


where the 16 constants ¢;; are now subject to such relations as make 
the equations satisfy the identity 


edt’? —dx"*—dy" —ds"* = Cd? —dx? —dy’ —d2?; 


1 J. Boussinesq, Mécanique générale (Paris, 1889), p. 25; L. Boltzmann, Principe 
der Mechanik, I Th. (Leipzig, 1897), p. 25. 
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that is, (8) are the transformations of the group of motions in the 
non-Euclidean four-dimensional manifold of Minkowski. For 
electromagnetic theory relativity means precisely this: that the 
equations of electromagnetic phenomena are unchanged by the 
co’ transformations of the Lorentz group." 

In the early days, when it was the object of physicists to give 
a dynamical explanation for the universe of phenomena, consistency 
would have required that the equations of electromagnetic phe- 
nomena be so modified that they be invariant under the group 
(7) of mechanics. In latter times, when physicists have been 
striving to explain all phenomena in terms of the electromagnetic, 
consistency has required that mechanical laws be so formulated 
as to be invariant under the Lorentz group (8). From either point 
of view generalized co-ordinates might be employed. 

5. The abolition of relativity.—Einstein’s theory of gravitation 
depends upon a space-time manifold of which the element of arc, 


ds*= 2gij dx; dxj, t, j= T, -+ + +54, (9) 
J 


is not reducible to’ c*di?—dx?—dy?—dz?. This at once abolishes 
relativity in either of the older senses without replacing it by any 
similar form of relativity. For if there were to be relativity in 
Einstein’s new system, we should have to have some theorem like 
this: There is a group of * transformations 


H; =fi(ary Hay Hy, X45 Cr, Cay - - «4 Ch)y met, ...-,4 (10) 


dependent on k parameters, such that (a) the equations of physical 
phenomena are absolutely unaltered by the transformations of the 
group, and in particular (b) the transformations (10) applied to 


(9) give identically 
Lgij dx; dxj=Zgi, dx; dy,, 
t,J i,j 


the g’’s upon the right being respectively the same functions of the 
x”’s as the g’s upon the left are of the x’s. 

A point which I wish particularly to make clear is that, although 
Einstein calls his new principle one of generalized relativity, it is 


* See H. Minkowski, Gesammelte Abhandlungen, 2, 431, 1911; F. Klein, Jahresber. 
Deutsch. Math.-Ver., 19, 281-300, 1910. 
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not one of relativity at all, but of generalized co-ordinates. He is 
entirely right in laying down the principle that the equations of 
physics must be co-variant under any change of variables—that is, 
assumed under any circumstances—and he takes perhaps the best 
means of insuring the co-variance when he follows the methods of 
Ricci’s absolute differential calculus; but relativity has nothing 
to do with this universal principle of co-variance under changes of 
variable, it has solely to do with absolute invariance under the 
transformations of some group. 

As a matter of fact, there may be a principle of relativity 
developable from Einstein’s theory. That depends on the char- 
acter of the fundamental form (9g). We know that in the theory of 
surfaces in ordinary space there exists a group of “motions,” 
i.e., a group of transformations which leaves ds? absolutely un- 
changed, on surfaces of constant (total) curvature like the sphere 
or pseudo-sphere; there are 0% “‘motions’”’ in the group just as in 
the case of the plane where the curvature is zero. We know also 
that for surfaces of which the curvature is not constant there is no 
group of o3 motions—for some surfaces, like those of revolution, 
there is a group of motions of one parameter. In the case of Ein- 
stein’s four-dimensional manifold the curvature is proportional to 
the density of matter (or energy),’ and hence cannot be constant. 
This would appear to restrict the possible group of “motions” 
far below one of ten parameters, so that any such extensive group 
as that of Lorentz would be out of the question. The actual condi- 
tions for the existence of any group of “motions” are complicated 
and I cannot give them here—I could not in any case apply them 
unless the form of the 16 coefficients g;; were known for some 
particular set of variables. So far as can be seen, however, Ein- 
stein in giving us his Verallgemeinerte Relativitdtstheorie has taken 
us back to absolute space and time, perhaps more absolute than 
we have ever had—for it does not appear that even so simple a 
group of transformations as 


- 


xv =xt%, y=yty, 2 =2t%, U=t+h, (11) 


t See de Sitter, op. cit., p. 706; G=kT, T=p. 
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which is common to the older relativities of mechanics and of 
electromagnetics, transforms his fundamental form (9) identically 
into itself." 

Nothing that I have here set.forth should be interpreted as in 
any way detracting from the merits of Einstein’s theory. It is 
exceedingly interesting and important to have Clifford’s suggestion 
as to the possible meaning of “ material particle’ taken up, extended 
to the space-time manifold, and developed in such a way that when 
the actions and reactions of matter alone are considered each 
particle in the universe, including particles of light, moves along a 
geodesic line, i.e., along the straightest path, in the space-time 
manifold. As there are 0% geodesics through each point (a, y, 
z, t), a particle is free to start from any position (%», Vo, 2, fo) with 
any component initial velocities (1%, 1, w.) as in ordinary mechanics. 
If in formulating the theory such values are found for the 16 
coefficients g;; as will account for the advance in the perihelion 
of Mercury and predict other physical phenomena which shall 
turn out to be verified by observation, a brilliant advance will have 
been made in mathematical physics. 

In closing I cannot refrain from expressing my dissent from the 
widely circulated remarks of Eddington in Nature (loc. cit.). He 
begins with a statement of the meaning of relativity which I have 
shown above has to do, not with relativity, but with generally 
admitted conceptions connected with generalized co-ordinates— 
this, however, may be regarded merely as a matter of definition, 
and is of no importance except as it may cause confusion by clash- 
ing with an already accepted definition. He states, however, at 
the end of his article: 

It is rather difficult to grasp the fact that the same laws of Nature may 
hold when some bizarre system of co-ordinates is chosen. Suppose an observer 
A uses rectangular co-ordinates, and B, through some kink in his mind, uses 
polar co-ordinates, without realizing that he is doing anything unusual. For 
A a ray of light can travel along the straight line x=constant; but evidently 
it cannot travel along’the circle r=constant, which is B’s idea of a straight 


line. The answer is that B through his peculiar system of measurement will 
suppose that he is in an intense gravitational field; he will calculate the curva- 


tM. Abraham’s relatively simple theory of gravitation also gives up the Lorentz 
group, Arch. f. Math. u. Phys. (3), 20, Heft 3, 193-2009. 
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ture of the ray of light produced by this field; and, making allowance for it, 
he will find that the light actually travels along its theoretical curve (i.e., 
curve for B, but straight line for A). 


Now as I understand the theory, B would not consider r=con- 
stant as a straight line. Both A and B would absolutely agree as 
to what they considered straight lines, i.e., geodesics; these would 
be the integrals of the differential equations. 

d?x; 


nite (pi)[m n 
ds? + 2 g [ ? ] 


xm din _ ) 
a (12 


The generalized co-variant form of these equations is the same for 
both A and B, but the actual forms, which would be obtained 
before integration was attempted, would be not invariant but very 
different because, using different systems of co-ordinates, A and B 
would have different analytic expressions for the symbols g‘? 
and [")"]. When A got his equations he would perceive that 
x=C was an integral, and hence a straight line; B would find that 
r=C was not an integral, and hence not a straight line—he might 
perceive that r cos 02=C was an integral, or he might not. 

It could not be denied that if A and B used variables which 
involved the “‘time”’ in very different fashions they might differ 
as to the meaning of “gravitational field.”” They would still agree 
as to geodesics in their space-time manifolds. But what either 
would choose to call a straight line in space is difficult to say. The 
very possibility of the conception of space and time as different 
manifolds seems to require that the characteristics of space remain 
unaltered in time and that the characteristics of time remain 
unaltered in space, i.e., that phenomena admit the group (11). 
I should say that in a curved space-time manifold it might be, and 
in general would be, impossible to separate space and time—so the 
statement that a ray of light travels along a straight line in space 
becomes meaningless. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
CAMBRIDGE, March 13, 1917 














A STUDY WITH THE ELECTRIC FURNACE OF THE 
ANOMALOUS DISPERSION OF METALLIC VAPORS" 


By ARTHUR S. KING 


The phenomenon of anomalous dispersion consists of a sudden 
change in the index of refraction of an absorbing medium for wave- 
lengths in the neighborhood of those which are strongly absorbed. 
It has been observed for various transparent media which show 
selective absorption. Metallic vapors, in many cases, show the 
effect close to their absorption lines when white light is passed 
through the vapor, and by suitable optical arrangements the change 
of refractive index may be shown. The principle of crossed prisms 
used by Kundt is generally employed, a prism of the absorbing 
vapor being formed with its refracting edge at right angles to the 
slit of the analyzing spectroscope. 

The chief problem in such experiments is the production of a 
mass of vapor which will act as a prism. Wood,’ working with 
sodium, used a cylinder of the vapor inclosed in a horizontal steel 
tube, heated below by a row of flames and cooled above. For the 
study of substances of higher melting-points Puccianti, Schén,‘ 
and Geisler,’ used an arrangement of the electric arc giving a non- 
uniform distribution of metallic vapor which acted as a prism. In 
the case of the arc, the possibilities of varying the state of the 
absorbing vapor are limited, and it seemed that an adaptation of 
the electric furnace offered a means of producing vapors of the 
more refractory elements under conditions which would give 
anomalous dispersion and, at the same time, permit a control of the 
temperature and distribution of the vapor by which variations of 
the phenomena could be studied. The use of mixed vapors in the 


* Contributions from the Mount Wilson Solar Observatory, No. 130. 
2 Phil. Mag., (6), 3, 128, 1902; Physical Optics, p. 4109. 

3 Memorie della Societd degli Spettroscopisti Italiani, 33, 133, 1904. 
4 Zeitschrift fiir wiss. Photographie, 5, 349, 397, 1907. 

5 Ibid., 7, 89, 1909. 
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furnace is a simple matter, so that for a given set of conditions the 
relative anomalous dispersion shown by the lines of different ele- 
ments can be observed. 

Assuming that the desired non-uniform distribution of vapor is 
available, a beam of white light, limited by a horizontal slit, is 
passed through the vapor and, being focused on the slit of the spec- 
trograph, gives a strip of continuous spectrum in which the absorp- 
tion lines of the vapor appear. The flexure of the continuous 
spectrum in opposite directions on the two sides of an absorption 
line registers the amount of anomalous dispersion produced by the 
vapor for the given line. 

Experimental method.—The resistance tubes used in the electric 
furnace are of Acheson graphite, 30.5 cm long and of 12.5 mm 
bore, and are heated by the passage of the electric current from end 
toend. To adapt tubes for the present investigation, a slot about 
6 mm wide was filed longitudinally between the end portions, which 
are held in contact blocks 20cm apart. When placed in position, 
with the slot above and fragments of the substance to be examined 
on the bottom of the tube, a cylinder of vapor was obtained upon 
heating, having a strong density-gradient in the vapor between 
the molten mass and the open slot. The water-cooled copper pipe 
passing about 5 cm above the slot, by which the current was led 
to one end of the tube, accentuated the temperature difference. 
The vapor cylinder of varying density was thus equivalent in its 
dispersive effect to a prism with its refracting edge upward. 

Certain features of the arrangement are important in interpret- 
ing the results. The most effective condition for producing strong 
anomalous dispersion of regular type corresponds to a temperature 
high enough to give broad absorption lines for the element studied, 
but not too far above the vaporizing-point, since a high density of 
the vapor in the lower part of the tube is required. If the tempera- 
ture is such that the substance is fully vaporized, the rapid diffusion 
upward destroys the density-gradient, the prismatic action is very 
slight, and wide absorption lines showing little anomalous dispersion 
are obtained. With a mixture of substances requiring different 
temperatures for their vaporization, it is obvious that at a given 
stage one element may form an effective prism, while another has 
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already reached a nearly uniform distribution, the anomalous dis- 
persion being strong for one and weak, or absent, for the other. 
Also, for a given element, some lines may require a low temperature 
for their greatest strength, others a much higher temperature, and 
the same vapor prism will not be effective for both. In fact, a 
stage may be reached such that the conditions near the bottom of 
the tube, where high-temperature lines are produced, become posi- 
tively unfavorable for low-temperature lines, so that the vapor 
absorbing the latter is denser above than below, and an inverted 
prism for lines of this character results. It is thus possible for 
regular and inverted anomalous dispersion to appear simultaneously 
for lines belonging to two different elements and for lines of different 
character belonging to the same element. Again, the same spec- 
trum line can be made to show regular anomalous dispersion at 
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Fic. 1.—Arrangement of furnace and optical train 


low temperature and the inverted effect at higher temperature. 
All of these differences were observed in the experiments to be 
described. 

The arrangement of the optical parts and a vertical section of 
the furnace interior are shown in Fig. 1. Light from the positive 
pole of a carbon arc A, operated with 25-30 amperes at 110 volts, 
was focused on a horizontal slit S,. The beam, rendered parallel 
by the lens Z;, passed through the vapor in the furnace tube F, 
and the image of S, was focused sharply on the slit S, of the vertical 
plane-grating spectrograph, the narrow band of white light passing 
across the slit. Use was made of both the 13- and 30-foot arrange- 
ments of the spectrograph, which give dispersions, in the second 
order, of approximately 2.1 and 0.89 A per mm respectively. 
Exposures withrthe 13-foot focus ranged from one-half to one minute. 
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The longer exposures with the 30-foot focus were used chiefly for 
large-scale photographs to test for shifts of lines occurring close to 
strong lines of pronounced anomalous dispersion. 

For the production of well-defined anomalous dispersion it was 
found advantageous to operate the furnace im vacuo. At higher 
pressures the unsteady condition of the gas in the beam of light 
passing through the chamber is likely to impair the sharpness of 
the strip of continuous spectrum whose curvature measures the 
effect. 


RESULTS 


a) Conditions for the production of anomalous dis persion.—When 
white light from the pole of a carbon arc is passed through the 
furnace vapor, the absorption lines obtained are those observed in 
the emission spectrum of the furnace, and their widths in absorp- 
tion are closely proportional to their emission intensities. The 
prominent lines of the absorption spectrum are thus the stronger 
furnace lines, belonging to Classes I and II of the furnace classifi- 
cation, while the faint absorption lines are those of Class III, 
requiring higher temperature. The furnace lines of higher classes 
have negligible absorption effect. 

In discussions of anomalous dispersion the view that a spectrum 
line shows large or small dispersion as an inherent characteristic 
finds frequent expression, much as we say that a line shows large 
or small pressure displacement. The present experiments give no 
exception to the rule that the anomalous dispersion corresponds to 
the absorptive power shown by the line in question, provided a 
proper prismatic distribution is present in the absorbing vapor. This 
relation is very evident when a stretch of spectrum containing a 
number of lines of different intensities is examined, for the interval 
over which the curvature of the continuous spectrum on either side 
of a line is perceptible increases with the line’s strength. The three 
sections of the titanium spectrum in Plate V illustrate this fact and 
show clearly the practicability of the furnace method for the study 
of substances of high melting-point. In the upper strip the emis- 
sion lines of the furnace spectrum, in most cases reversed, appear 
as continuations of the absorption lines. It is in harmony with the 
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proportionality of anomalous dispersion to the strength of the line 
that, throughout this investigation, no case was found for which a 
strong furnace line could not be made to show a correspondingly 
large anomalous dispersion, though for some lines it was necessary 
to determine by trial the proper conditions for an effective vapor 
prism. Of course, it cannot be stated now that this relation is 
quite general, but the furnace results furnish a high probability that 
anomalous dispersion is conditioned only by the presence of a vapor 
- prism which strongly absorbs the line in question. 

b) Variability of anomalous dispersion with the condition of the 
absorbing vapor.—We may now discuss examples of the condition 
already noted that, when mixed vapors are used in the furnace tube, 
a state of the vapor producing anomalous dispersion for one con- 
stituent may give a uniform distribution or even invert the prism 
for the second element, thus causing for this vapor either no curva- 
ture of the continuous spectrum or a flexure opposite to that of the 
first element. Instances in‘which one element showed strong 
anomalous dispersion and in which another, at the same time, gave 
only wide absorption lines occurred constantly during the experi- 
ments. Thus the three strong manganese lines \X 4031, 4033, 4035, 
though often very wide, gave uniformly no anomalous dispersion 
at temperatures of the furnace such that neighboring lines of iron, 
chromium, and titanium showed the effect strongly. At a much 
lower temperature, however, before the other elements were fully 
vaporized, they showed very strong anomalous dispersion. The 
effect is shown in Plate VIIa. 

Experiments in which calcium and chromium were vaporized 
together gave an interesting contrast in the behavior of \ 4227 of 
the first element to that of AX 4255, 4275, 4290 of chromium. In 
Plate VI are reproduced four spectrograms taken at different tem- 
peratures; VId, at low temperature (with iron-arc comparison), 
shows a very large effect for \ 4227, the chromium lines being 
scarcely visible; VIc and VId show flexure in the same direction 
for both calcium and chromium, though to very different degrees; 
Via, at the highest temperature of all, gives the maximum effect 
for the chromium lines, while for \ 4227 the curvature is reversed, 
thus indicating that the prism of calcium vapor has become in- 
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ANOMALOUS DISPERSION IN LINE AND BAND SPECTRA 


Manganese lines \A 4031-35 

D lines (low vapor-density), showing inversion of effect due to higher temperature 
Opposite effects produced simultaneously for calcium lines K and \ 4227 
Anomalous dispersion for ““cyanogen”’ band with principal head at 3883 
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verted, so that the vapor producing \ 4227 is denser above than 
below, while the chromium prism remains with the denser region 
below. 

Probably the dispersion of all low-temperature flame lines can 
be inverted in this way by properly chosen temperatures. In addi- 
tion to the inversion of \ 4227, which occurred on many spectro- 
grams, the effect was obtained for the manganese triplet already 
mentioned, for the D lines of sodium, for the aluminium pair 
dA 3944-62, and for the potassium pair AA 4044-47. The D lines, 
made narrow by a small amount of salt in the tube, and showing 
respectively for low and high temperatures the usual anomalous 
dispersion (below) and the inverted effect (above), are illustrated 
in Plate VII. 

By close adjustment of conditions numerous relative inversions 
were produced for different elements even of higher melting-points. 
Thus iron and chromium lines were inverted with respect to 
titanium when the three were vaporized together, and lines of 
manganese were inverted with respect to those of iron. 

These effects are fully explained on the assumption that each 
kind of vapor forms an independent absorbing medium which, if 
conditions are such as to give prismatic distribution, shows its own 
anomalous dispersion without regard to what may be shown by 
other vapors in the mixture. By an extension of this principle, 
lines belonging to the same element, but emitted by different cen- 
ters, should show simultaneously, under proper conditions, direct 
and inverted anomalous dispersion; for one set of particles, radiat- 
ing freely at relatively high temperature, would have the denser 
part of their prism below, while the other set, emitting lines of 
lower temperature, would have their prism inverted. To test this 
possibility, the lines must be in the same region of the spectrum and 
radically different in their response to temperature; further, both 
must be radiated by the furnace with sufficient intensity to produce 
good absorption lines. In the calcium spectrum, A 4227 and H 
and K seemed favorable for a comparison. At temperatures high 
enough to make H and K strong, A 4227 is uniformly inverted in 
its anomalous dispersion, so that the main problem was to produce 
a distinct effect for H and K. This was done by suspending, a few 
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millimeters above the slot in the tube, on insulated supports, a 
thick rod of graphite, so that when the tube was heated the cold 
rod increased the temperature-gradient in the calcium vapor. 
Later a water-cooled copper tube passing 1 cm above the slot was 
used for the same purpose. A number of spectrograms with these 
arrangements gave anomalous dispersion for all three lines, the 
result for H and K being that of a prism with denser vapor below, 
while \ 4227 showed very large anomalous dispersion in the oppo- 
site direction. The effect for the K line and for \ 4227, enlarged 
from the same negative, is shown in Plate VIlIe. 

The experiments of Puccianti' have shown that this is not an 
invariable result for these lines, since, with the arc containing cal- 
cium as the absorbing source, he obtained anomalous dispersion in 
the same direction for all three lines, though very different in 
amount. With the conditions adopted for the furnace it has been 
possible to make the particles absorbing the H and K lines act as 
a body of vapor distinct from that absorbing \ 4227. 

c) The anomalous dispersion of iron, chromium, and titanium.— 
The results of observations over an extended range of wave-length 
on the relative amount of anomalous dispersion shown by different 
lines and its relation to other spectral characteristics will now be 
given for iron, chromium, and titanium. For iron and chromium 
a portion of the range here covered has been studied by Geisler? 
with the interferometer, using the arc to supply the absorbing vapor. 
Of the effect for titanium no previous investigation is known to the 
writer. 

Tables I, II, and III give the lines of iron, chromium, and 
titanium, respectively, for which distinct anomalous dispersion has 
appeared. An estimate of the amount of the effect is given for each 
line, “‘1’’ denoting that the curvature of the continuous spectrum 
on opposite sides of the line is just perceptible. The wave-lengths 
for iron are those of Burns’ on the International System, abbreviated 
to two decimal places, while the values of Exner and Haschek are 
used for the chromium and titanium lists. 

* Memorie della Societa degli Spettroscopisti Italiani, 33, 133, 1904. 

2 Zeitschrift fiir wiss. Photographie, 7, 89, 1909. 

3 Lick Observatory Bulletin, No. 247, 1913. 
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TABLE I 
TRon 
Degree of Degree of || Degree of 
A Anomalous _ || A Anomalous A Anomalous 
Dispersion || Dispersion | Dispersion 
SOE OB. 05.5. 8 | 8795.00..... I | GS, «5.5.3 6 
cS ae 5 CS I . * = I 
3608 .86...... 2 | 3799-55----- I 4045.82..... 3 
PS 2 | 3812.97..... I 4063.60..... 2 
US Oe 2 | 3815.84..... 2 A, See 2 
ee 2 | 3820.43..... 6 4132.06..... I 
ae 3 3824.44..... 4 6t43.87...... I 
s007.40......- 2 3825.80..... 5 4202.03..... I 
Ck . 3 yy  ¢ see 2 4900.98... I 
S909 G8. 6.50 I | $596.283..... 3 4873.96..... 2 
Se I | 3840.44..... 2 4204.13..... I 
3996.06 .....: 20 © Sere I 4307.Q91..... 3 
Pe 4 | 3856.37..... 6 ae 2 
3727.62...... 2 | 3859.91..... 15 4393 .68..... g 
3 PS ee I a Se ae 4 
Coe ae 8 | g578.58..... 4 4404.75..... 2 
$987. 36.6. 26 12 | 3886.29..... 8 4415.13..... I 
3745.506\ = | 3887.05..... I 4427.31..... e 
3745.90f°*""* | 3895.66....° 3 5269.54..... I 
$948.38. ..... 6 6 +. er 4 5328.04..... I 
Pe eee 5 | 3902.95..... 2 §37%:.§0..... I 
SS ee 4 | 3906.48..... 2 5397-14..... I 
SS ae 3 | 3920.26..... 4 5405.78..... I 
£967.50... ... 2 | 3922.92..... 5 
3787.88...... I | S007 .08.. 34 5 
* Subject to inversion of effect at high temperature. 
TABLE II 
CHROMIUM 
Degree of | Degree of | Degree of 
A Anomalous A Anomalous | A Anomalous 
Dispersion | Dispersion | Dispersion 
| ee 150 || 4339.62..... 4 4626.35..... I 
OS ee 100 4339.90..... 2 4646.35..... 2 
9008: 40....... 75 4344.68..... 4 | 4051.49..... I 
US Ae I a ae I 4652.38..... 2 
$0n0-08....+. I 4351.98..... 5 9006. 72..... 20 
$908.08...... 2 4399.68....<. 2 | §206.24..... 30 
er I 4371.48..... 2 | 5208.60..... 40 
ee 3 Te I | §247.72..... 2 
pe, eee I ek ae 2 | CO Pe 4 
3028 .82...... I 4407 .03..... 2 5265.90..... 2 
s0at .67...... I 4540.10..... 2 §296.86..... 2 
eee I 4580.26..... I 5298.46..... 3 
Oe ae 100 omens... I | §345.90..... 4 
4895.00. ..... 80 4600.90..... I | §348.50..... 2 
4289.90...... 70 Pe ee I | $680.08....% 6 
2) ae 3 4616.28..... I | 
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TABLE III 
TITANIUM 

| Degree of | Degree of || | Degree of 

a Anomalous || A Anomalous | A Anomalous 

Dispersion | Dispersion | Dispersion 
ee 40 || 4024.76..... 5 tS : oe 3 
ee Poe 45 |} 4055.17.....| I 4544.88..... 2 
3653.66...... 50 || 4000.42..... I 4548 .93 3 
3654.74...--- 2 4064.39..... I 4552.90..... 3 
CO 8 eee 4 } 4065.24..... I GS65 70... 5. 2 
3660.80...... I || 4078.62.....| I 4562.80..... I 
$069.15.....- 3 |} 4112.87..... I @690.63..... | 5 
s0ee Og. .s... 4 || 4286.19..... 3 || 4667.77..... 6 
3690.09...... 2 |} 4287.59..... 3 |} 4682.10..... 6 
S780. 63... ..| 2 |} 4289.26.....| 3 eS ae I 
Cc  . eae 2 ff S008. 80....... 3 || 4693 .88..... | I 
3720.07.....- 10 || 4295.93..... 3 |} 4841.08..... 2 
ao ee 15 || 4298.89..... 4 | 4981.93..... 6 
$7$3.00.....+ 20 | 42990.40..... I 4991.2 | 6 
PO ay ae 3 | 4299.81..... I 4999.68..... 5 
Se 4 |] 4300.73..... | 5 “007 .38..... 4 
er 2 | 4301.24..... 5 5009.79 I 
3904.99...--- 4 || 43060.09..... 7 5014.39 6 
3014.50...... 3 | agte.96..... 3 m580.30..... I 
go2t.Or.....-! 2 2 eae I S900.20....-. I 
TS ) See 6 || 4427.28..... I 5023.02 I 
3930.04...... 5 | 44490.35..... I g08S.0t..... I 
9087.08. ....: 6 =. aa I 5030.08..... I 
SO 10 || 4453.52...-. } I 5036.65..... I 
3956.50......| 10 || 4455.50..... 2 5038.50 I 
a a 15 - -2. 3a 2 | 5040.14..... 5 
ee eee 4 } Aut9.00..... 2 5064.79 4 
a See 4 | 4518.19.....| 3 = S607 .08..... I 
3981.95. 10 || 4522.98..... 3 Te Se I 
39082.63...... 3 OT Se 2 i St3e.ge..... 4 
3989.94.....- 12 | 4533.40..... 8 7 oren. 88... 4 
3998.80...... 15 | 4534-.95.-.-. 6 i $250..59.....| 5 
4009.12.....- 5 | 4535-71.---- 5 5219.86..... I 
4009.82...... I ! 46390.18..... 3 §252.2 .| I 





In comparing the material in Tables I, II, and III with the line- 
intensities in the emission spectra of iron,’ chromium,’ and titanium$ 
at various temperatures of the furnace, the degree of anomalous 
dispersion was found without exception to be roughly proportional 
to the intensity of the line in auestion at the temperature (about 
2500° C.) to which the vapor was heated in these experiments. All 


t Mt. Wilson Contr., No. 66; Astrophysical Journal, 37, 239, 1913. 
2 Mt. Wilson Contr., No. 94; Astrophysical Journal, 41, 86, 1915. 
3 Mt. Wilson Contr., No. 76; Astrophysical Journal, 39, 139, 1914. 
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lines of iron and chromium included in Tables I and IT have been 
placed in Class I or Class II of the furnace classification, being 
strong through a long range of temperatures. The same is true for 
titanium, except that ten lines of Class III, out of the total of 102, 
show perceptible anomalous dispersion. The fact that a line is 
relatively strong at low temperature (Class I) seems to have no 
bearing, except that pronounced lines of this type, such as \ 4376 
of iron, sometimes attain considerable width as absorption lines 
without showing anomalous dispersion, and in some cases reveal 
an incipient inversion of the effect when other iron lines show 
regular anomalous dispersion. It is probably the same effect as 
was observed distinctly for the calcium lines H, K, and \ 4227. 

The anomalous dispersion shown by iron lines is much smaller 
than that for lines of chromium and titanium when the three ele- 
ments are mixed in the tube. This is especially noticeable in the 
green and yellow, where the low-temperature iron lines remain 
narrow and show very small effects. The same relation exists, 
however, with regard to the widening and reversal of lines in the 
regular furnace spectra of these elements, and the anomalous dis- 
persion seems to follow closely the ability of a line to reverse. 

At the red end of the spectrum the lines of these three elements 
remain narrow in the furnace, and no anomalous dispersion was 
obtained. The effect clearly becomes stronger and more general 
as the wave-length decreases, but this also probably results from 
the greater absorptive power and the resulting ease of reversal 
shown by the lines of these elements in the region of shorter wave- 
length. When strong low-temperature lines, easily reversible in 
arc and furnace, occur in the region of greater wave-length, they 
readily show anomalous dispersion. Examples are the D lines, 
several barium lines in the red, and \ 6708 of lithium. The degree 
of anomalous dispersion thus appears to have no direct dependence 
on the wave-length. 

d) Anomalous dispersion for a banded spectrum.—It is known 
that absorption bands may show anomalous dispersion, such effects 
having been observed by Geisler’ for the bands of copper, calcium, 
strontium, barium, and calcium fluoride. On several plates taken 

t Zeitschrift fiir wiss. Photographie, 7, 89, 19090. 
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in the present experiments a perceptible anomalous dispersion was 
observed for the “‘cyanogen”’ band \ 3883, which the experiments 
of Grotrian and Runge’ indicate is due to nitrogen alone. The 
effect could be increased when the furnace was filled with air at 
one-half atmosphere, thus giving a larger supply of nitrogen, the 
appearance under these conditions being shown in Plate VIId. Not 
only the dense heads, but the stronger component lines of the band 
are produced in absorption, with the corresponding parts of the 
emission band showing faintly above and below. The direction of 
curvature of the continuous spectrum, forming parallelograms near 
the head of the band, indicates a greater density in the lower part 
of the absorbing cylinder. This must result from the presence of 
more radiating (and absorbing) particles in the region of highest 
temperature, since, if the band is due to nitrogen alone, the absolute 
density of the gas should be less in this region where the cylinder 
absorbs most strongly. The gradation of intensity in the emission 
lines bears out this conclusion, the portion of the line emitted by 
the lower layer of gas being strongest. 


MEASUREMENTS TO DETECT A MUTUAL DISPLACEMENT OF CLOSE 
LINES DUE TO ANOMALOUS DISPERSION 


The theory advanced by Julius,? according to which lines very 
close together in the spectrum should undergo a mutual repulsion 
when anomalous dispersion is active, has been fully discussed in 
relation to the lines of the solar spectrum by St. John’ and Albrecht,‘ 
and also in a later paper by Julius.. An attempt has been made 
recently by the writer to detect such an effect in the case of electric- 
furnace lines occurring close together. Lines suitable for this test 
should be separated by but a few tenths of an angstrom, and, since 
the theory of the repulsive action is based on a superposition of the 
changes in refractive index due to the two lines, both should show 


t Physikalische Zeitschrift, 15, 545, 1914. 

2 Astrophysical Journal, 40, 1, 1914. 

3 Mt. Wilson Conir., Nos. 93, 123; Astrophysical Journal, 41, 28, 1915; 44, 311, 
1916. 

4 Astrophysical Journal, 41, 333, 1915. 

SI bid., 43s 53, 1916. 
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large anomalous dispersion. As this would require two wide lines, 
neither of which could be measured with accuracy, cases were 
looked for in which a narrow absorption line occurred close to a 
line showing large anomalous dispersion, the wave-length of the 
narrow line being measured from a neighboring standard line both 
when anomalous dispersion was active and when it was not. Very 
few pairs which satisfied these requirements could be found, but 
they were fulfilled in a fair degree by titanium and calcium lines 
occurring close to the chromium lines \ 4275 and 4290. The dis- 
persion used was 1 mm=o.8g A. 

Measurements were made on 27 spectrograms which showed 
varying degrees of anomalous dispersion. The measures for plates 
in which the titanium or calcium line was superposed on the curved 
spectrum near the strong chromium line were compared with those 
for which the anomalous dispersion was very slight and also with 
those for the emission lines given by the furnace and in the arc. 
(The test line was known to have the same pressure displacement 
as the standard line, so that measurements for the arc in air showed 
no sensible difference from those for the vacuum furnace.) 

The following example shows the treatment of this material: 

Measurements of \ 4289.237, Ti. (Rowland scale), separated 
0.65 A from \ 4289.885, Cr. Standard line: \ 4287.566, Ti. 


Interval when Anomalous Dispersion Interval for Large 
Is Absent or Negligible Anomalous Dispersion 
1.670 1.667 
1.674 1.667 
1.665 1.671 
1.670 1.671 
1.669 1.670 
1.668 1.668 
suns 1.670 
wandain 1.668 
Means. ..1.669 1.669 


Measures of \ 4289 .237 referred to a more distant standard line, 
 4286.168 of titanium, also gave exactly the same result when 
anomalous dispersion was absent as when present in large degree. 

The interval betwcen \ 4289.237 and \ 4291.114 of titanium 
was also measured, these lines being on opposite sides of the strong 
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chromium line and distant from it 0.65 and 1.23 A, respectively. 
While not very close to the chromium line, they were within the 
curved spectrum due to the latter, and any attraction or repulsion 
exerted on the titanium lines should be additive. The mean meas- 
urements with and without anomalous dispersion differed by only 
0.oo1 A. 

The calcium line \ 4289 .525, distant 0.36 A from \ 4289 .885 of 
chromium, was measured from a neighboring calcium line. A differ- 
ence with and without anomalous dispersion of 0.002 A was found 
in the direction indicating an approach to the chromium line, though 
the difference is probably too small to be significant. 

The only difference of appreciable size obtained was for 
 4274.746 of titanium, distant o.21 A from \ 4274.958 of chro- 
mium, the measurements being made from the titanium line 
X 4272.590. The difference found was 0.006 A in the direction 
giving an approach to the chromium line. The measurements were 
very difficult, however, and probably systematically in error, owing 
to the wide chromium line weakening the continuous spectrum on 
that side of the titanium line, which would have resulted in a differ- 
ence of the kind observed. The use of very close pairs, which 
should be most favorable for the test, thus unavoidably introduces 
a source of error. 

It is thus seen that no evidence whatever of repulsion between 
close lines is found, so that the effect required by theory must be 
very small. This conclusion is borne out in a recent deduction by 
Sir Joseph Larmor,’ to whom a summary of the foregoing results 
was submitted, according to which the repulsion to be expected 
should be too small to be detected by the laboratory methods now 
available. As long as the effect is small and the lines tested neces- 
sarily very close, a serious obstacle arises from the fact that an 
effort to magnify the effect through stronger anomalous dispersion 
causes the lines to blend or at least to become unsuitable for 
measurement. 

A further test with these lines was made in the regular furnace 
to see if a displacement could be found when a line occurs very close 
to a strong line known to give a high anomalous-dispersion effect. 


* Astrophysical Journal, 44, 265, 1916. 
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For this it was possible to use a larger scale, a dispersion of 1 mm= 
o.6 A being employed. The titanium and calcium lines were 
photographed with and without the mixture of chromium vapor. 
Under these conditions the calcium line and one of those of titanium 
gave differences of 0.002 A, but these were opposite in direction and 
probably within the errors of measurement, while the other titanium 
line, closest of the three to a chromium line, agreed within 0.001 A 
when titanium was used alone and when it was mixed with chro- 
mium. For this test the result may therefore be considered 
negative. 


SUMMARY 


1. A method has been developed for the study of anomalous 
dispersion for metallic vapors of substances of high melting-point 
which allows close control of the conditions of the absorbing vapor. 

2. The lines in the spectra of iron, chromium, and titanium, and 
also lines of special interest in other spectra, have been examined 
with reference to the degree of anomalous dispersion shown. 

3. The rule was found to hold that the anomalous dispersion 
shown by a line is in proportion to its strength in absorption, pro- 
vided the vapor absorbing the line in question has a non-uniform 
distribution equivalent to a prism. 

4. Lines showing strong anomalous dispersion at low tempera- 
ture can often be made, at higher temperature, to show the phe- 
nomenon with refraction in the opposite direction, thus indicating 
that the vapor prism absorbing such lines has been inverted. 

5. Under this condition another element, requiring still higher 
temperature for vaporization, may show anomalous dispersion of 
regular type, so that for the two elements opposite effects occur 
simultaneously. 

6. The same condition may be brought about for lines belonging 
to the same element but requiring very different temperatures for 
their production, \ 4227 of calcium thus showing an effect opposite 
to that simultaneously given by the H and K lines. 

7. The experiments have thus demonstrated the capacity of each 
element to give its own anomalous dispersion independently of 
other vapors which may be present, a similar relation holding for 
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the particles of the same element emitting groups of lines of differ- 
ent character. 

8. The greater prevalence of effects of anomalous dispersion in 
the region of shorter wave-length appears to result from the greater 
absorptive power generally found for, lines in this region: When 
lines of suitable character occur in the red, correspondingly large 
effects can be obtained for them. 

g. Distinct anomalous dispersion was obtained for the band at 
d 3883. 

10. Tests for a mutual repulsion between close lines, one of 
which is in a condition to show large anomalous dispersion, give 
no evidence of such an effect. 

11. No change of wave-length is found when a line in the 
regular furnace spectrum occurs very close to a strong line known 
to show large anomalous dispersion. 


Mowunt WILSON SOLAR OBSERVATORY 
March 1917 











REMARKS ON THE TEMPERATURE OF SPACE 
By CH. FABRY 


I. At a point of free space the notion of temperature does not 
have any meaning in itself. To make the notion precise it is 
necessary to imagine a small test body introduced into the region 
to be studied: under the influence of the radiations which are 
traversing space this body will assume a certain temperature 
of equilibrium which we may be tempted to call the temperature 
of space at that point, in the same way that we take the indication of 
the thermometer as the measure of the temperature of a region of 
uniform temperature in which it is placed. 

But unfortunately we see, on examining the matter a little more 
closely, that the problem is much less simple than it appears and 
that the temperature of the testing body may vary between almost 
infinite limits, according to the properties of the surface of the body. 
We are able at the start to eliminate every complication due to the 
form of the testing body, by supposing it to be spherical and by 
admitting that its temperature becomes uniform by conductivity, 
which will take place almost necessarily if the body is small. The 
only possible influence that remains, then, is that of the properties 
of the surface, and it is there that we find the difficulty. According 
as its surface is more or less absorbing, the energy transformed into 
heat in a unit of time is greater or less. A black surface-is by defini- 
tion that which absorbs the most; we might think in consequence 
that the black surface is the one which gives the highest tempera- 
ture. If it were so, a black testing body would have great interest 
as giving the maximum temperature of equilibrium at the point 
considered, and this temperature of equilibrium would be an 
important element in characterizing the state of the region in space 
being studied. Unfortunately, that view is totally incorrect. 
Bodies endowed with an absorption, partial but selective, may 
assume temperatures of equilibrium enormously higher (or much 
lower) than that of the black body; this may be of some interest 
in a practical way, but from the point of view of theory it is only 
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one of the many possible temperatures of equilibrium, and it does 
not seem to merit any special consideration in defining the state 
of free space. 

The temperature of equilibrium is defined by the fact that the 
body loses just as much energy as it absorbs in every second. For 
a given body isolated in space the loss of energy takes place solely 
by radiation and depends only upon the temperature T of the body. 
Let f(T) be the energy radiated per second; if B is the energy 
absorbed per second, the equation of equilibrium may be written 

B=/(T). 


The black body is that for which the first member has the largest 
value, but it is also that which radiates the most for the same 
temperature. If the absorption is partial but non-selective (a gray 
body), the two members are multiplied by the same factor, less than 
unity; the temperature of equilibrium remains the same as for the 
black body. If the absorption is selective, B is less than for the 
black body, but the /(7) is completely changed; according to cir- 
cumstances, the temperature of equilibrium may be lower or higher 
than that of the black body. 

II. Let us show this by a concrete example. Let us expose the 
spherical testing body (isolated in space and not at the surface of 
the earth) to the solar radiation such as it is at the distance from 
the sun to the earth. This radiation is almost entirely comprised 
in the spectral region between 0.3 uw and 2 yw, which we shall call the 
region of short wave-lengths in comparison with that which includes 
the rays emitted at low temperature. 

If the surface of the testing body is black, that body will 
radiate according to Stefan’s law; its temperature of equilibrium 
is 280° Abs., as may be readily calculated. 

Suppose now that the surface has a selective absorption. If it 
absorbs the short wave-lengths only slightly, but is very absorbent 
for the long wave-lengths (beyond 6 yu, for example), it will radiate 
like the black body, but will absorb hardly anything; its tempera- 
ture of equilibrium is very low. The contrary will be the case for 
a body which strongly absorbs the short wave-lengths, but for 
which its absorptive power (and by consequence its emissive power) 
is zero for the long wave-lengths. Such a body, at temperatures 
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of 300° to 400° Abs., radiates practically nothing. It absorbs only 
one portion of the solar radiation, but its temperature rises up to 
that point at which it would be able to radiate enough to come to 
equilibrium with that which it absorbs. But the body is not 
capable of radiating anything except the short wave-lengths, which 
cannot appear except at very high temperature; it will therefore 
heat up very much more than the black body." 

III. In order to evaluate the foregoing numerically, I proceed 
to write the equation of thermal equilibrium in the case of any 
radiation whatever. 

We assume that the testing body is spherical and at a uniform 
temperature. Let S be its surface, s the surface of a great circle; 
whence S/s=4. The absorbing properties will be defined by the 
absorptive power a, which is a function of the wave-length X\, so 
that a=¢(A). The radiation received is defined by its energy- 
curve as a function of X, 

E=y(A), 
which is equivalent to saying that Esdd represents the energy 
received per second by the sphere under the form of radiations com- 
prised between A and A+d\. This radiation may come from a 
single direction or from any direction, which is of no importance 
because of the spherical form of the receiver. : 

It is finally necessary to introduce the function of radiation of the 
black body, which gives the energy-curve radiated by 1 sq. cm of 
the black body at the absolute temperature 7, namely, 

. R=F(A, T). 


With this notation the energy which the testing body absorbs per 


second is 
s { a Eda. 
° 


The energy which is radiated (in view of the fact that the emissive 
power is equal to the absorbing power) is 


s «Rar 


t This is a purely theoretical point of view, without any reference to experiments 
possible on the earth. There will be some experimental applications in an article 
which will soon appear in the Journal de physique. 
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On equating these two quantities, we obtain the equation of 
equilibrium 


‘ { $(a) F(A, T) dd= { $(A) y(A) dd. (1) 


This equation does not contain any unknown but 7, and always 
gives for that quantity one and only one value. Numerical com- 
putation will be always facilitated if the different functions which 
enter into the equation are given by numerical tables. The radia- 
tion function F(A, T) is otherwise known by its algebraic expression. 

IV. To define the energy-curve of the radiation received, I pro- 
ceed to assume that the radiation is entirely emitted by black 
bodies, all at the same temperature ®. Now, let 2 be the sum of 
the solid angles under which these radiating bodies are seen by the 
receiving body. This determines completely the energy-curve of 
the radiation received and we have 


¥0)=" FA, ©). 


If we designate by 1/M the fraction of the celestial sphere occupied 
by the radiating bodies, defined by 
— 
M= Q? 
the equation of equilibrium of the receiving body becomes 


M { $(d) F(A, T) dA= { $(A) F(A, @) dd, (2) 


It only remains to make different hypotheses as to the absorbent 
properties of the surface of the receiving body—that is to say, as 
to #(A). 

1. Receiving body, black or gray.—(X) is here a constant and 
disappears from the equation. We have obtained for T the follow- 
ing value, which we should have been able to write immediately by 
applying Stefan’s law: 

| T=0M~-}. (3) 

2. Receiving body having a single absorption band.—Let us sup- 
pose that the receiver has a single absorption band of wave-length ),. 
The law of absorption at the interior of the band remains absolutely 
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arbitrary, and the absorption may be only partial. The only 
hypothesis is that the size of the band is small in comparison to its 
wave-length. 

Under these conditions the integral figuring in the first member 
of equation (2) may be replaced by 


F(a, T) { $(A) dA. 


The second member receives an analogous transformation, so that 
the equation of equilibrium becomes 


MF\(A, T)=F(A,, ®). (4) 


In order to get the equation which gives 7, it remains to determine 
the function F. Employing Planck’s equation, we find’ 


z= E M+in( 8-14-35) |. (5) 


In many cases a is large; we may then simplify the formula 


(which amounts to employing the formula of Wien in place of that 
of Planck) and write 
rai In M. . (6) 
For a given radiation (M and ® given) the temperature of equilib- 
rium 7, which of course may not exceed @, varies enormously with 
the wave-length of the absorption band. If, is large, the tempera- 
ture of equilibrium is very low. The temperature rises accordingly 
as we consider the absorption bands situated more and more toward 
the shorter wave-lengths. If the hypotheses which are made 
remain true for all the values of \, the temperature of equilibrium 
tends toward that of the radiating bodies, while \, tends toward 
zero, and this remains the case even if the radiating bodies are 
exceedingly distant. 
Numerical example.—Let us suppose that the radiation is pro- 
duced solely by the sun, and let us examine what will happen for 
different testing bodies at various distances. The solar radiation 


* The symbol /n here designates the Napierian logarithm. All the temperatures 
are measured on the absolute scale. 
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will resemble that of a black body at 6000° Abs. Although that 
hypothesis may be only roughly exact, it will be sufficient to fix 
clearly the order of magnitude of the phenomena. First let us 
place the testing body at a distance from the sun equal to that of 
the earth. The radiating body then has an apparent diameter 
of 32’ and we find In M=12.1. Taking c=14,350 micron-degrees, 
and applying formulae (3), (5), and (6), we get the results shown 
in Table I." 


TABLE I 
dey T 
ea, 6 ibd wacaineeele vise © 4's 1980° 
le eRe tt ok naa biwaned« 1700 
EE Ea aE eee 1000 
a Eitcs cntesmit eins dias mighty Naaibae 4010 > 04" 550 
Di <a chose deuwéet seShnndddnss ds 0 250 
SENSE ee eee ee ee 130 
ER ARSE FN ge 280 


It will be seen that, if the receiving body has only one absorp- 
tion band at the violet end of the spectrum, it will nearly reach the 
temperature of the melting-point of platinum by simple exposure 
to a beam of solar rays before it has penetrated into the earth’s 
atmosphere. This strange result is readily explained if it is noticed 
that the body considered is not able to exchange its energy except 
in the form of violet radiation; for the radiations of that sort do 
not commence to be ¢.aitted to an appreciable degree except at a 
very high temperature. So long as such a temperature has not 
been reached, the body continues to warm up. 

Suppose now that we move out from the sun to a distance D 
times the distance from the earth to the sun. M varies with D’; if 
the testing body is black, its temperature varies as D!; if its absorp- 
tion is selective, the law of decrease is entirely different and may be 
much more gentle. If we take formula (6), which is applicable for 
small values of \,, and if we call 7, the temperature of equilibrium 

* The table has not been pushed below \;=0.4 #, because we do not know what 
is the solar radiation for the very short wave-lengths. The radiation for long wave- 
lengths (5 or 10) is also unknown; the corresponding figures are given only as an 


indication of the values, but it is certain that the corresponding temperatures will be 
very low. 
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at the distance of the earth (D=1), the temperature T at the dis- 
tance D will be given by 


popte - 2 log D. 

Table II gives some results for a black receiver and for a body hav- 
ing a single absorption band at \,:=o0.4yu. The distance 360,000 
(5 light-years) is that at which the sun would appear as a star of 
the first magnitude; at the distance 3,600,000 it would become a 
star of the sixth magnitude. The radiation of that star alone 
would maintain at 750° the temperature of the testing body endowed 
with selective absorption. 











TABLE II 
TEMPERATURE 
D — — 

Black Body Ar =0.4"¢ 

Buvibordinals Sis oyna 280°0 1980° 

Be. crcciesweciagaes 50.0 1450 

Rar weer eater 0.4 830 

SR re cer ee o.1 750 











V. I will give a final example. Let us suppose that the sun 
should disappear or that we remove so far from it that it becomes 
any one of the stars. There will remain the radiation of the 
ensemble of the sidereal universe. We may calculate the amount 
that will arrive, if we make the following hypotheses, which are of 
course very uncertain. 

1. The intrinsic brightness of the nocturnal, nongalactic sky is 
equivalent to a star of magnitude 5 per square degree." This cor- 
responds to the magnitude —6.5 for the whole celestial sphere. 
In the more brilliant portions of the Milky Way this brightness 
would be about double. To take this into account, let us call the 
magnitude —7 for the ensemble of the heavens. 

2. We will admit that all of that light comes from the sidereal 
universe and that it contains no portion of diffused solar light—a 
hypothesis which is very uncertain. 


t Ch. Fabry, Astrophysical Journal, 31, 394, 1910. 
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3. We will suppose that the composition of the light is identical 
with that of the sun, which itself is similar to that of a black body 
at 6000°. With these assumptions it is easy to calculate that the 
black testing body will be brought up to 3° Abs. by the radiation 
of the stars. Should we take that figure as the temperature of 
interstellar space in the region that we inhabit? That would not 
have much meaning, for a testing body which absorbed only in the 
region of o.4 u would reach 1000” Abs. 

VI. Is it possible that there exist celestial bodies endowed with 
a selective absorption such that they are able to realize the very 
high temperatures predicted by the theory? This seems to me 
entirely improbable for solid bodies, but not for gaseous bodies. 
Gases exercise upon light an absorption eminently selective. Let 
us assume a gaseous mass which would produce an absorption, even 
if very weak, upon certain radiations of the visible spectrum or of 
the ultra-violet. If the absorbing power of the gas is zero for the 
infra-red, and if there is no other cause for loss of energy than the 
thermal radiation, that gas will attain a temperature enormously 
higher than that of a black body in the same region of space. The 
gas will warm up to the point where it emits the only radiations 
which it is able to emit, that is to say, those which it absorbs; 
hence it possesses the property of emitting certain radiations under 
the influence of the same incident luminous radiations. The gas 
is endowed with a sort of fluorescence, or rather re-emission, analo- 
gous to that studied by R. W. Wood and by L. Dunoyer, but in 
reality it is nothing but purely thermal radiation. 

A case in which one may suspect the existence of such a phe- 
nomenon is that of the tails of comets. The band spectrum of 
these bodies indicates emission by a gas, associated with the spec- 
trum of the sun, since its intensity increases when the comet 
approaches the sun. It has been possible to reproduce in the 
laboratory the different bands of the cometary spectrum, but it 
yet remains to find the cause which produces the luminosity of 
comets. It has been sought to explain this by cathodic radiation 
of the sun, which has also been invoked to explain the aurora 
borealis; but this last phenomenon would indicate a very inter- 
mittent cathodic emission, which does not seem easy to reconcile 
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with the phenomena observed in comets. In a manner similarly 
hypothetical, we may imagine a purely thermal radiation due to 
the very high temperature caused by a slight selective absorption 
exerted upon the solar rays. In a question so difficult we should 
not neglect any possible explanation. 


SUMMARY 


If we attempt to define precisely the temperature at a point of 
space by the introduction of a testing body, we find that the tempera- 
ture of that body may vary enormously according to its absorptive 
properties. 

A testing body with a black surface does not have any special 
interest from the theoretical point of view, but a body with selective 
absorption may take a temperature much lower or much higher than 
that of the black body. 

When the absorption is limited to the short wave-lengths, a 
feeble radiation may develop a very elevated temperature. 

It is not impossible that this last case occurs for gaseous masses, 
which would then have the property of emitting, under the influence 
of the incident radiation, the same radiations which they absorb. 

One may thus attempt in a very hypothetical manner an expla- 
nation of the emission spectrum of comets by this process. _ 


February 1917 











THE ROTATION OF PRISMS OF CONSTANT DEVIATION 
By W. E. FORSYTHE 


In the Physical Review (29, 37) for July 1909 there appeared a 
paper by Mr. H. S. Uhler on the “Rotation of Constant Deviation 
Prisms.”’ In this paper there is pointed out the necessity of having 
the prism so mounted and so rotated that the objective glass of the 
telescope is always illuminated symmetrically. 





























Fic. 1 


In determining the point about which a quadrilateral prism of 
a constant deviation of 90° should be rotated, Mr. Uhler had in 
mind the necessity of using the maximum amount of the prism for 
each position. He states that the effective axis of the emergent 
beam from the prism should be kept as near as possible to the axis 
of the telescope. If the constant-deviation spectroscope is to be 
used in measuring radiation of different wave-lengths rather than 
in locating spectral lines, there must be a fixed limiting diaphragm, 
probably located either in the telescope or in the collimator of the 
spectroscope. If such a fixed diaphragm is used, the result will be 
that for one extreme of the spectrum under investigation the whole 
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of the prism probably cannot be used. For this condition it would 
seem best so to mount and so to rotate the prism that it will always 
be at minimum deviation. In this paper it is shown that the prism 
may be so rotated as to remain always in the position of minimum 
deviation. 

In Fig. 1 is shown a diagram of a quadrilateral prism’ that gives 
a deviation of 90° for the condition ordinarily spoken of as minimum 
deviation. 

Below, it is shown that, if the prism be rotated about the line 
of intersection of the plane bisecting the angle A BC and the reflect- 
ing surface of the prism, the prism will remain in the position of 
so-called minimum deviation. 

In Fig. 1 ABCD is a cross-section of a quadrilateral prism 
equivalent to a triangular prism with angle 2a(a<45°). This 
makes the angles at A, B, C, and D equal 45°++a, go”, 135°, and 
go°—a, respectively. 

Take OB bisecting the angle ABC and draw OE perpendicular 
to BC. To prove OB=OC, or BE=EC. 

Thus 


ron... sin 45° 
~ gin (go—a) 45 - 





BE=AO - cos 45~—©)™ soo-e) - sin 45° * cos (45—a)= 
(cos a+sin a) I 


COs a 2° 





AB 


AB , 
= sin 45 - sin (45+). 





_ BD _ AB _ sin (45+a) 
cosa sin45°~ cosa ~ 
”. BE=1/2BC. 


Thus tg ae 
OB=O0C. 


The side AD of the quadrilateral prism is generally made longer 
in comparison with the side AB than would be given by making it 


t Pellin and Broca, Journal de Physique, (3), 8, 314, 1899. 
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equivalent to a particular triangular prism. However, for this dis- 
cussion the prism is taken so that the angles and linear dimensions 
are such as would result by the construction from a triangular 
prism. 

It will now be shown that the quadrilateral prism outline in 
Fig. 1 will remain in the position of so-called minimum deviation 
for radiation of different wave-lengths if it is rotated about the line 
of intersection of the bisector of the angle ABC and the reflecting 
surface AD. The projection of the line of intersection is the 
point O. In order to prove this, let EFGHI, Fig. 2, be a ray of 





Fic. 2 


wave-length X passing through the prism at minimum deviation 
for position I. (Position I is indicated by unprimed letters.) Also, 
let EF’G'H’ be another ray of wave-length X’ passing along EF and 
through the prism at minimum deviation to the point H’. This 
second ray of wave-length )’ passes through the prism in position II. 
(Position II is indicated by primed letters.) This second position 
is obtained from position I by a rotation about the point O. 

For this second ray of wave-length \’, which starts along the 
same path as the first ray to pass through the prism at minimum 
deviation and to continue along the same path as ray I after passing 
through the prism, the line H’HJ must be a straight line and, also, 
the angle HH’S’ must be equal to the angle FF’S. 
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To show that H’H/ is a straight line it is sufficient to show that 
the angle H’/HA’=the angle JHB. If the second ray is to pass 
through the prism at minimum deviation, it will leave the prism 
at the same angle that it entered. Thus the angle HH’S’ must be 
shown to be equal to the angle FF’S. To do this it will be sufficient 
to show that the polygon BHH’B’=the polygon CFF'C’. 

In the polygon BHH’B’ and CFF’C’ 


BH=FC for MG=MD (ie- ae COs a 


B'H'=F'C’ for the same reason. 

BB’ =CC", being chords of equal arcs. 
The angle BB’H’ =the angle CC’F’, being measured by equal arcs. 
The angle HBB’=the angle FCC’, being measured by equal arcs. 


Thus the polygon BB’H’H=the polygon CC’F’F. From this 
it follows that the angle HH’S’ =the angle FF’S and the line H’HI 
is a straight line. 

Hence it follows that if the prism is rotated about the line of 
intersection of the bisector of the angle ABC and the reflecting 
surface of the prism it will remain in the position of minimum 
deviation. With the prism rotated about the point O, at no time 
will there be a lateral shift of the beam. Thus the wave-length 
calibration will not depend upon the character of the lenses of the 
spectroscope. 

Locating the quadrilateral prism on the prism-table.—If the prism 
is removed from the prism-table of a Hilger instrument, it is quite 
a tedious process to get it back in the proper place again. The 
author has not seen described any method of locating a quadri- 
lateral prism in the proper place on the prism-table other than by 
the method of “cut and try.”’ Now assume that the instrument 
is constructed so that the telescope is at right angles to the collima- 
tor and that the light entering the prism at the angle of minimum 
deviation leaves it at right angles to the direction at which it enters. 
Also assume that the wave-length calibration is accurate for some 
position of the prism. With reference now either to the mounting 
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as used in the Hilger instrument or to the one suggested above, it 
is very easy, with the use of monochromatic light, to get the prism 
in such a position that the transmitted monochromatic radiation 
falls upon the cross-hairs or the eyepiece-slit of the telescope when 
the calibration on the drum indicates that it should do so. How- 
ever, owing to the fact that the lenses are not perfectly achromatic, ° 
light of another wave-length will not come to a focus upon the 
cross-hair when the calibration on the drum indicates that it should 
do so, unless the telescope objective is illuminated symmetrically. 

A method which will make sure that the light has passed axially 
through the collimator and the telescope lenses is to use over each 
lens a diaphragm with a small hole of such size that only a very 
small portion of the center of each lens is used. If such diaphragms 
are used, it is evident that, if monochromatic light from the collima- 
tor slit falls upon the cross-hairs in the telescope, this radiation has 
passed through the lens system axially. 

Light comes from the collimator lens in a parallel beam. If 
only the center of each lens is used, the only light from the collimator 
slit that can come to a focus on the cross-hairs of the telescope is 
that light which was turned through go° by the prism. Thus, if 
the prism is now placed on the table in such a position that light 
of any wave-length from the collimator comes to a focus on the 
cross-hairs of the eyepiece, it has passed through the prism in the 
position of so-called ‘‘minimum deviation.” 

By reference to Fig. 1 it can easily be seen that, if the radiation 
from the central part of the collimator lens does not pass through 
the central part of the face AB of the prism, a motion of the prism 
parallel to the axis of the telescope or of the collimator or of a com- 
bination of these two motions will be necessary in order to cause the 
radiation to pass through the central part of the prism. If nowa 
screen, with small opening in the proper place, is constructed so as 
to fit over the prism, it will be seen that the prism could be placed 
in the symmetrical position by one operation. This, however, 
would not necessarily be the proper position unless the wave-length 
used was that for which the radiation was to pass through the cen- 
tral part of the face AB of the prism. With the wave-length 
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known and with the use of the diaphragm, it would be a compara- 
tively simple operation to get the prism properly located. 

A very simple way to make such diaphragms is to have caps for 
the collimator and telescope lens. These caps can be made to fit 
over the ends of the telescope and collimator. The diaphragm 
could easily be made to fit over one end of the prism. 

It is often convenient to be able to remove the prism and replace 
it on the prism-table. To do this requires some sort of mechanical 
holding device. A method that has been found very convenient is 
to follow the general method of having stops raised about 1 mm 
above the prism-table against which the prism can be placed. 
These stops, used in connection with the clamp usually furnished 
on the prism-table of the Hilger instrument, suffice to hold the 
prism exactly in position. The stops, placed on the prism-table at 
about the points P and V, as shown in Fig. 1, are so constructed 
that each can be moved by a screw motion. If the axis of rotation 
is made to coincide with the line of bisection of the angle of the prism 
and the reflection face, one of the stops should be located on the 
prism-table so as permanently to fix the point. 

The principal advantage of having the prism rotated about the 
line of intersection of the bisectors of the angle A BC and the reflect- 
ing surface is, as was pointed out above, that the prism would 
always remain in the position of minimum deviation, and thus 
there would be no lateral shift of the beam. From this it follows 
that the calibration of the wave-length scale would not depend 
upon the character of the lenses used. 

The position of rotation would depend only upon the size of the 
prism and the position of the telescope and collimator and not at 
all upon the index of refraction of the glass used. The only require- 
ment is that the index of refraction be such that light can pass 
through the prism at minimum deviation. Thus prisms of the 
same size but of different kinds of glass could conveniently be used 
in the same spectroscope. Of course the same wave-length calibra- 
tion would not do for the two prisms. With the use the foregoing 
method of mounting, it would be a simple matter to convert an ordi- 
nary spectroscope into a constant-deviation spectroscope. The 
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mounting described follows the same general scheme as that used 
in the well-known Wadsworth mounting. 


SUMMARY 


It has been shown that a quadrilateral prism can be so mounted 
and so rotated as to remain always in the position of so-called mini- 
mum deviation. A method has also been outlined for locating the 
prism on the prism-table in approximately the proper position for 
either the mounting suggested in the paper or for the method used 
in the Hilger instruments. 
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